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Abstract 

This is a survey paper. In a first part, we recall the main results 
on the tempered holomorphic solutions of D-modules in the language 
of indsheaves and, as an application, the Riemann-Hilbert correspon¬ 
dence for regular holonomic modules. In a second part, we present 
the enhanced version of the first part, treating along the same lines 
the irregular holonomic case. 
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Introduction 

These Notes are an expanded version of a series of lectnres given at the IHES 
in Febrnary/March 2015 (see [KS15]), based on [DK13] and [KS14]. 

Here, we assnme the reader familiar with the langnage of sheaves and 
D-modnles, in the derived sense. 

Let X be a complex manifold. Denote by Mod(^x) the abelian category 
of left ^x-modnles, by Modhoi(^x) the fnll snbcategory of holonomic ^x- 
modules and by Perv(Cx) the abelian category of perverse sheaves with 
coefficients in C. Consider the fnnctor constrncted in [Ka75] 

Sol: Modhoi(^x)°^ Perv(Cx), 

^ I— )■ RJ^om, Cx). 

(Note that at this time the notion of perverse sheaves was not explicit, bnt 
in his paper the anthor proved that R^om^(^, ffx) is C-constrnctible and 
satisfies the properties which are now called perversity.) 

It is well-known that this fnnctor is not faithfnl. For example, if X = 
A^(C), the complex line with coordinate t, P = Pdt — 1 and Q = Pdt + t, 
then the two ^x-modnles E^xjS^xP and Qlxj^xQ have the same sheaves of 
solntions. 

A natnral idea to overcome this difficnlty is to replace the sheaf Gx 
with presheaves of holomorphic fnnctions with various growths such as for 
example the presheaf of holomorphic functions with tempered growth. 
This presheaf is not a sheaf for the usual topology, but it becomes a sheaf 
for a suitable Grothendieck topology, the subanalytic topology, and here we 
shall embed the category of subanalytic sheaves in that of indsheaves. 

As we shall see, the indsheaf is not sufficient to obtain a Riemann- 
Hilbert correspondence, but it is a first step to this direction. To obtain 
a final result, it is necessary to add an extra variable and to work with an 
“enhanced” version of in order to describe “various growths” in a rigorous 
way. 

In a first part, we shall recall the main results of the theory of ind¬ 
sheaves and subanalytic sheaves and we shall explain with some details the 
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operations on D-modules and their tempered holomorphic solutions. As an 
application, we obtain the Riemann-Hilbert correspondence for regular holo- 
nomic D-modules as well as the fact that the de Rham functor commutes 
with integral transforms. 

In a second part, we do the same for the sheaf of enhanced tempered 
solutions of (no more necessarily regular) holonomic D-modules. For that 
purpose, we hrst recall the main results of the theory of indsheaves on bor¬ 
dered spaces and its enhanced version, a generalization to indsheaves of a 
construction of Tamarkin [Ta08]. 

Let us describe with some details the contents of these Notes. 

Section 1 is a brief review on the theory of sheaves and D-modules. Its aim 
is essentially to £x the notations and to recall the main formulas of constant 
use. 

In Section 2, extracted from [KS96, KSOl], we briefly describe the category 
of indsheaves on a locally compact space and the six operations on indsheaves. 
A method for constructing indsheaves on a subanalytic space is the use of 
the subanalytic Grothendieck topology, a topology for which the open sets 
are the open relatively compact subanalytic subsets and the coverings are the 
hnite coverings. On a real analytic manifold M, this allows us to construct 
the indsheaves of Whitney functions, tempered C°°-functions and tempered 
distributions. On a complex manifold X, by taking the Dolbeault complexes 
with such coefficients, we obtain the indsheaf (in the derived sense) ffx of 
Whitney holomorphic functions and the indsheaf of tempered holomor¬ 
phic functions. 

Then, in Section 3, also extracted from [KS96, KSOl], we study the tem¬ 
pered de Rham and Sol (Sol for solutions) functors, that is, we study these 
functors with values in the sheaf of tempered holomorphic functions. We 
prove two main results which will be the main tools to treat the regular 
Riemann-Hilbert correspondence later. The hrst one is Theorem 3.1.1 which 
calculates the inverse image of the tempered de Rham complex. It is a 
reformulation of a theorem of [Ka84], a vast generalization of the famous 
Grothendieck theorem on the de Rham cohomology of algebraic varieties. 
The second result. Theorem 3.1.5, is a tempered version of the Grauert di¬ 
rect image theorem. 

In Section 4 we give a proof of the main theorem of [Ka80, Ka84] on 
the Riemann-Hilbert correspondence for regular holonomic D-modules (see 
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Corollary 4.3.4). Our proof is based on Lemma 4.1.3 which essentially claims 
that to prove that regular holonomic D-modules have a certain property, it is 
enough to check that this property is stable by projective direct images and 
is satished by modules of “regular normal forms”, that is, modules associated 
with equations of the type Zidzi — A* or dz^. The Riemann-Hilbert correspon¬ 
dence as formulated in loc. cit. is not enough to treat integral transform and 
we have to prove a “tempered” version of it (Theorem 4.3.2). We then collect 
all results on the tempered solutions of D-modules in a single formula which, 
roughly speaking, asserts that the tempered de Rham functor commutes with 
integral transforms whose kernel is regular holonomic (Theorem 4.4.2). We 
end this section with a detailed study of the irregular holonomic D-module 
exp ( 1 / 2 ;) on A^(C), following [KS03]. This case shows that the solution 
functor with values in the indsheaf Gx gives many informations on the holo¬ 
nomic D-modules, but not enough: it is not fully faithful. As seen in the 
next sections, in order to treat irregular case, we need the enhanced version 
of the setting discussed in this section. 

Section 5, extracted from [DK13], treats indsheaves on bordered spaces. A 
bordered space is a pair (M, M) of good topological spaces with M G M 
an open embedding. The derived category of indsheaves on (M, M) is the 
quotient of the category of indsheaves on M by that of indsheaves on M \ M. 
Indeed, contrarily to the case of usual sheaves, this quotient is not equivalent 
to the derived category of indsheaves on M. 

The main idea to treat the irregular Riemann-Hilbert correspondence is to 
replace the indsheaf with an enhanced version, the object Roughly 
speaking, this object (which is no more an indsheaf) is obtained as the image 
of the complex of solutions of the operator dt — 1 acting on in a suitable 

category, namely that of enhanced indsheaves. 

Section 6, also extracted from [DK13], dehnes and studies the triangulated 
category E’’(IkM) of enhanced indsheaves on M, adapting to indsheaves a 
construction of Tamarkin [Ta08]. Denoting by Moo the bordered space (M, M) 
in which M is the two points compactihcation of M, the category E^(IkM) is 
the quotient of the category of indsheaves on M x Moo by the subcategory of 
indsheaves which are isomorphic to the inverse image of indsheaves on M. 

Section 7, mainly extracted from [DK13], treats the irregular Riemann- 
Hilbert correspondence. Similarly as in the regular case, an essential tool is 
Lemma 7.5.5 which asserts that to prove that holonomic D-modules have a 
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certain property, it is enough to check that this property is stable by pro¬ 
jective direct images and is satished by modules of “normal forms”, that is, 
D-modules of the type exp ip where is a meromorphic function. This 
lemma follows directly from the fundamental results of Mochizuki [Mo 09, 
Moll] (in the algebraic setting) and later Kedlaya [KelO, Kell] in the ana¬ 
lytic case, after preliminary results by Sabbah [SaOO]. The proof of the irreg¬ 
ular Riemann-Hilbert correspondence is rather intricate and uses enhanced 
constructible sheaves and a duality result between the enhanced solution 
functor and the enhanced de Rham functor. However, this theorem formu¬ 
lated in [DK13] (Corollary 7.8.3) is not enough to treat irregular integral 
transform and we have to prove an “enhanced” version of it (Theorem 7.8.1, 
extracted from [KS14]). 

In Section 8, extracted from [KS14], we apply the preceding results. The 
main formula (8.1.4) asserts, roughly speaking, that the enhanced de Rham 
functor commutes with integral transforms with irregular kernels. In a previ¬ 
ous paper [KS97] we had already proved (without the machinery of enhanced 
indsheaves) that given a complex vector space V, the Laplace transform in¬ 
duces an isomorphism of the Fourier-Sato transform of the conic sheaf asso¬ 
ciated with with the similar sheaf on V* (up to a shift). We obtain here a 
similar result in a non-conic setting, replacing with its enhanced version 
(^y. For that purpose, we extend hrst the Tamarkin non conic Fourier-Sato 
transform to the enhanced setting. 

Bibliographical and historical comments. A hrst important step in 
a modern treatment of the Riemann-Hilbert correspondence is the book 
of Deligne [De70]. A second important step is the constructibility theo¬ 
rem [Ka75] and a precise formulation of this correspondence in 1977 by the 
same author (see [Ra78, p. 287]). Then a detailed sketch of proof of the theo¬ 
rem establishing this correspondence (in the regular case) appeared in [Ka80] 
where the functor Thom of tempered cohomology was introduced, and a de¬ 
tailed proof appeared in [Ka84]. A different proof to this correspondence 
appeared in [Me 84]. The functorial operations on the functor Thom, as well 

W 

as its dual notion, the Whitney tensor product (8), are systematically studied 
in [KS96]. These two functors are in fact better understood by the lan¬ 
guage of and the indsheaves of tempered holomorphic functions and 
Whitney holomorphic functions introduced in [KSOl]. 

In the early 2000, it became clear that the indsheaf of tempered holo¬ 
morphic functions is an essential tool for the study of irregular holonomic 
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modules and a toy model was studied in [KS03]. However, on X = A^(C), 
the two holonomic ^x-modules ^xexp(l/t) and ^xexp(2/t) have the same 
tempered holomorphic solutions, which shows that is not precise enough 
to treat irregular holonomic D-modules. This difficulty is overcome in [DK13] 
by adding an extra variable in order to capture the growth at singular 
points. This is done, first by adapting to indsheaves a construction of 
Tamarkin [Ta08], leading to the notion of “enhanced indsheaves”, then by 
defining the “enhanced indsheaf of tempered holomorphic functions”. Us¬ 
ing fundamental results of Mochizuki [Mo09, Moll] (see also Sabbah [SaOO] 
for preliminary results and see Kedlaya [KelO, Kell] for the analytic case), 
this leads to the solution of the Riemann-Hilbert correspondence for (not 
necessarily regular) holonomic D-modules. 

As already mentioned, most of the results discussed here are already 
known. We sometimes don’t give proofs, or only give a sketch of the proof. 
However, Theorems 2.5.13, 6.6.4 and Corollaries 2.5.15, 7.7.2 are new. 

1 A brief review on sheaves and D-modules 

As already mentioned in the introduction, we assume the reader familiar with 
the language of sheaves and D-modules, in the derived sense. Hence, the aim 
of this section is mainly to fix some notations. 

1.1 Sheaves 

We refer to [KS90] for all notions of sheaf theory used here. For simplicity, 
we denote by k a field, although most of the results would remain true when 
k is a commutative ring of finite global dimension. 

A topological space is good if it is Hausdorff, locally compact, countable 
at infinity and has finite flabby dimension. Let M be such a space. For a 
subset A C M, we denote by A its closure and Int(A) its interior. 

One denotes by Mod(kM) the abelian category of sheaves of k-modules 
on M and by D’’(kM) its bounded derived category. Note that Mod(kM) has 
a finite homological dimension. 

For a locally closed subset A of M, one denotes by k^ the constant sheaf 
on A with stalk k extended by 0 on X \ A. For F G D’’(kM), one sets 
Fa'.= F ® k^. One denotes by Supp(F) the support of F. 
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1.1 Sheaves 


We shall make use of the dualizing complex on M, denoted by ujm, and 
the duality functors 

(1.1.1) :=RJ^om{* ,kM), Dm := R-^om (•, wa^). 

Recall that, when M is a real manifold, um is isomorphic to the orientation 
sheaf shifted by the dimension. 

We have the two internal operations of internal horn and tensor product: 

R^om (•, •) ; D^(kM)°P x D^(kM) ^ D^(kM), 

•d. ; D"(kM) X D"(kM) ^ D"(kM). 

Hence, D'^(kM) has a structure of commutative tensor category with k^ as 
unit object and R^om is the inner horn of this tensor category. 

Now let /: M —)■ iV be a morphism of good topological spaces. One has 
the functors 


□’^(k^v) —)■ D'^(kM) inverse image, 

/■ ; D'^(k 7 v) —!■ D'^(kM) extraordinary inverse image, 
R/*: □'^(kM') —> D^(kAr) direct image, 

R/i: D'^(kM) —>■ D’^(kAr) proper direct image. 


We get the pairs of adjoint functors (/“^, R/*) and (R/i, f '). 

The operations associated with the functors R^om, f~^, f ', R/*, Rf\ 
are called Grothendieck’s six operations. 

For two topological spaces M and iV, one dehnes the functor of external 
tensor product 


• S ; D^(kM) X D^k^) ^ D'^(kMxiv) 

by setting F MG := qi^F ® where qi and q2 are the projections from 

M X TV to M and iV, respectively. 

Denote by pt the topological space with a single element and by om : M —)■ 
pt the unique morphism. One has the isomorphism 

k-M — — ^ 'm ^pt- 

There are many important formulas relying the six operations. In particu¬ 
lar we have the formulas below in which F,Fi,F 2 G D'^(kM), G,Gi,G 2 G 




1.1 Sheaves 


D"(k^): 

RJifom {F 0 Fi, F 2 ) — RJifom (F, RJifom {Fi, F 2 )), 
Rf.RJ^om {f-^G, F) ~ RJifom (G, R/*F), 

Rf\{F 0 f~^G) ~ F 0 RfiG (projection formula), 
f'RJif’om{Gi,G2) ~Rjrom(/-^Gi,/’G2), 

and for a Cartesian square of good topological spaces, 


( 1 . 1 . 2 ) 


M' -^^iV' 


g' 

M- 


□ 

/ 


9 

N 


we have the base change formulalfor sheaves 

g-^Rf, ^ Rf;g'-\ 

In these Notes, we shall also encounter M.-constructible sheaves. Refer¬ 
ences are made to [KS90, Ch. VIII]. Let M be a real analytic manifold. On 
M there is the family of subanalytic sets due to Hironaka and Gabrielov 
(see [BM88, VD98] for an exposition). This family is stable by all usual 
operations (hnite intersection and locally hnite union, complement, closure, 
interior) and contains the family of semi-analytic sets (those locally defined 
by analytic inequalities). If /: M —)■ iV is a morphism of real analytic man¬ 
ifolds, then the inverse image of a subanalytic set is subanalytic. If Z is 
subanalytic in M and / is proper on the closure of Z, then f{Z) is subana¬ 
lytic in N. 

A sheaf F is M.-constructible if there exists a subanalytic stratification 
M = Mj such that for each j G J, the sheaf F|mj is locally constant 
of finite rank. One defines the category ^(k^) as the full subcategory of 
□'’(k^) consisting of objects F such that iL*(F) is M-constructible for all 
z G Z and one proves that this category is triangulated. 

The category D^_(,(kM) is stable by the usual internal operations (ten¬ 
sor product, internal horn) and the duality functors in (1.1.1) induce anti¬ 
equivalences on this category. 

If /: M —)■ V is a morphism of real analytic manifolds, then f~^ and 
/• send R-constructible objects to R-constructible objects. If F G Dg_^(kM) 
and / is proper on Supp(F), then Rf\F G D^_(.(kAr). 
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1.2 D-modules 

References for D-module theory are made to [Ka03]. See also [Ka70, Bj93, 
HTT08]. 

Here, we shall briefly recall some basic constructions in the theory of 
D-modules that we shall use. Note that many classical functors that shall 
appear in this section will be extended to indsheaves in Section 3 and the 
subsequent sections. 

In this subsection, the base held is the complex number held C. 

Let (X, ^x) be a complex manifold. We denote as usual by 

• dx the complex dimension of X, 

• Dx the invertible sheaf of diherential forms of top degree, 

• VLx/y the invertible (^x-module Dx /“^(Dy“^) for a morphism 

f: X ^ Y of complex manifolds, 

• ©x the sheaf of holomorphic vector helds, 

• the sheaf of algebras of hnite-order diherential operators. 

Denote by Mod(^x) the abelian category of left ^x-modules and by 
Mod(^^^) that of right ^x-modules. There is an equivalence 

(1.2.1) r: Mod(^x) ^ Mod(^°P), ^ Dx 0^^ 

By this equivalence, it is enough to study left .^x-modules. 

The ring ^x is coherent and one denotes by Modcoh(^x) the thick abelian 
subcategory of Mod(^x) consisting of coherent modules. 

To a coherent ^x-module one associates its characteristic variety 
char(.^), a closed C^-conic co-isotropic (one also says involutive) C-analytic 
subset of the cotangent bundle T*X. The involutivity property is a central 
theorem of the theory and is due to [SKK73]. A purely algebraic proof was 
obtained later in [Ga81]. 

If char(./#) is Lagrangian, is called holonomic. It is immediately 
checked that the full subcategory Modhoi(.^x) of Modcoh(^x) consisting of 
holonomic ^-modules is a thick abelian subcategory. 

A ^x-module ^ is quasi-good if, for any relatively compact open subset 
U C X, .J^\u is a sum of coherent (^x|{/)-submodules. A ^x-module is 
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good if it is quasi-good and coherent. The subcategories of Mod(^x) consist¬ 
ing of quasi-good (resp. good) ^x-modules are abelian and thick. Therefore, 
one has the triangulated categories 

• is coherent for all j G Z}, 

• ^hoii^x) = e is holonomic for all j G Z}, 

• Dq_good(^x) = is quasi-good for all j G Z}, 

• ^\oodi^x) = e is good for all j G Z}. 

One may also consider the unbounded derived categories D(l^x), D~(^x) 
and D+(^x) and the full triangulated subcategories consisting of coherent, 
holonomic, quasi-good and good modules. 

We have the functors 

.) : D^i^xr x D\^x) ^ D+(Cx), 

• X D\^x) ^ D-(Cx). 

We also have the functors 

• d • ; D~(^x) X D-(^x) D^(^x), 

• d • ; D-(^°P) X D-(^x) ^ D-(^°P), 

constructed as follows. The (l^x, ® ^x)-bimodule structure on QJx 

3>x gives 


^ ~ i^X ^x) ®Qx®S’x ® 

the structure of a ^x-module for and ^ two .^x-modules, and similarly 
for ^ a right .^x-niodule. 

There are similar constructions with right ^x-iiiodules. 

One dehnes the duality functor for D-modules by setting 

= Reborn ^T^)[dx] e D'^(^x) for G D'^(^x), 
Dx^ = R^om^op(^, Qx ^x)[dx] e ) for ^ G ). 
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1.2 D-modules 


Let X and Y be two complex manifolds. One defines the functor of 
external tensor product for D-modules 

• i • ; X D'^(^y) ^ D^{S>xxy) 

D 

by setting = QIx-ay ^ 

Now, let /: X —)■ y be a morphism of complex manifolds. The trans¬ 
fer himodule S^x^y is a bimodule dehned as follows. As an 

/~^.^y)-bimodule, S^x^y = f~^^Y- The left ^x-module 

structure of QJx^y is deduced from the action of Ox- For v G Ox, denoting 
by Qi <^Wi its image in / ^0y, the action of v on ^x^y is 

given by 

v{a®P) = v{a) <YiP + E aui (8) WiP. 

i 

One also uses the opposite transfer bimodule ^y-^x = f~^^Y Ox/y, 

an .^x)-bimodule. 

Note that for another morphism of complex manifolds g:Y Z, one 
has the natural isomorphisms 

^X^Y ^ 3>x^Z, 

f~^^Z^Y ^Y^X ^ ^Z^X- 

One can now dehne the external operations on D-modules by setting: 

Bf*^ := ^x^Y for ^ G D"(^y), 

:= ^x^y) for G 

and one dehnes D/*^ by replacing R/i with R/* in the above formula. By 
using the opposite transfer bimodule ^y-Px one dehnes similarly the inverse 
image of a right ^y-niodule or the direct image of a left ^x-niodule. 

One calls respectively D/*, D/* and D/i the inverse image, direct image 
and proper direct image functors in the category of D-modules. 

Note that 


Dr^Y ^ ^X, DrOy ^ Ox. 
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Also note that the properties of being quasi-good are stable by inverse image 
and tensor product, as well as by direct image by maps proper on the support 
of the module. The property of being good is stable by duality. 

Let /: X —)■ y be a morphism of complex manifolds. One associates the 
maps 


T*x^J2 -X XyT*Y - 

TTY 

X - - --y. 

One says that / is non-characteristic for xV G if the map fd is 

proper (hence, hnite) on /“^(char(^)). 

The classical de Rham and solution functors are dehned by 

VTZx'- D^{^x) — t D’^(Cx), ^ ^ Ox , 

Solx : ^ D^(Cx), ^ ^ Gx)- 

For yM G one has 

(1.2.2) Solxi-^) — T)'R,xi'^X’^)[ — dx]. 

Theorem 1.2.1 (Projection formulas [Ka03, Theorems 4.2.8, 4.40]). Let 
f:X —)■ y be a morphism of complex manifolds. Let G D'’(^x) and 
S£ G There are natural isomorphisms: 

(1.2.3) D/!(D/*^i.^) ~ ^(Id/!.^, 

(1.2.4) ~ 

In particular, there is an isomorphism {commutation of the de Rham functor 
and direct images) 

(1.2.5) R/!(T>7^x(^)) ^T'7^y(D/,.^). 

Theorem 1.2.2 (Commutativity with duality [Ka03, Sc86]). Let f: X ^ Y 
be a morphism of complex manifolds. 

(i) Let ./# G DgQQ^(^x) and assume that f is proper on Supp(.^). Then 
D/,.^ G androy(D/,.^) ~ D/iDx.^. 
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(ii) Let ^ G ^\.^ooAi.^Y)■ Then DpjY e Moreover, if JT ^ 

Dcoh(^y) / *-5 non-characteristic for , then Df*M^ G 
and ©x(D/*^) ~ D/*Dy^. 

Corollary 1.2.3. Let f: X ^ Y be a morphism of complex manifolds. 

(i) Let .M G DgQQ^(^x) cmd assume that f is proper on Supp(.^). Then 
we have the isomorphism for jY G D(^y); 

(1.2.6) Rf,Rjeom^J.y^,Df*J^) [dx] ^ RJYom ^^(Df,.y£, [dy]. 

In particular, with the same hypotheses, we have the isomorphism [com¬ 
mutation of the Sol functor and direct images) 

(1.2.7) Rf,RM’om^^[J^, ^x) [dx] ^ R^om^^[Rf,J^, ^y) [dy]. 

(ii) Let JY G D^^^[Jy) and assume that f is non-characteristic for JY. 
Then we have the isomorphism for G D[Jx)- 

( 1 . 2 . 8 ) Rf,RJfom^jDf*jY,.^)[dx] c:^RJfom^^{J^,Df,.y£)[dy]. 

A transversal Cartesian diagram is a commutative diagram 


X'- 

(1-2.9) |y □ L 

X- - —-F 


with X' ~ X XyY' and such that the map of tangent spaces 

Tg'{x)X © Tfg,^)Y' -)■ Tf(^gg,,))Y 

is surjective for any x G X'. 

Proposition 1.2.4 (Base change formula). Consider the transversal Carte¬ 
sian diagram (1.2.9). Then, for any yYY G Dgood(^.’<') such that Supp(./#) is 
proper over Y, we have the isomorphism 

D/', Dg'*jY. 
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2.1 Ind-objects 

References are made to [SGA4] or to [KS06] for an exposition on ind-objects. 

Let ^ be a category (in a given nniverse). One denotes by the big 
category of fnnctors from to Set. By the fnlly faithfnl fnnctor ^ 
we regard ^ as a full sub category of 

An ind-object in ^ is an object A G which is isomorphic to “lii^” Xj 

iei 

where Xj G ^ and I hltrant and small. Here, “ lirn ” is the inductive limit 
in One denotes by Ind(^) the full subcategory of consisting of 

ind-objects. 

Theorem 2.1.1. Let^ he an abelian eategory. 

(i) The category Ind(^) is abelian. 

(ii) The natural functors i\ ^ ^ Ind(‘^) and Ind(^) —)■ are fully faith¬ 

ful. 

(hi) The eategory Ind(‘^) admits exact small filtrant inductive limits, also 
denoted by “ lin^ ” and the functor Ind('^) commutes with such 

limits. 

(iv) Assume that ^ admits small projective limits. Then the eategory Ind(^) 

admits small projective limits, and the functor —)■ Ind(^) commutes 

with such limits. 

(v) Assume that admits small inductive limits, denoted by hi^. Then 
the functor l admits a left adjoint a. For X = “ lin^ ” Xj with Xj G 

i 

and I small and filtrant, a{X) ~ lin^ Xj. 

i 

Note that for X = “ lin^ ” Xj and Y = “ lin^ ” Yj G Ind('^) with Xj, Yj G 
one has * i 

~ l^hi^Hom.^(Xj,Xj). 

* j 
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2.1 Ind-objects 


Example 2.1.2. Let k be a field. Denote by Mod(k) the category of k-vector 
spaces and by Mod-^(k) its full subcategory consisting of finite-dimensional 
vector spaces. Denote for short by I(k) the category of ind-objects in Mod(k). 
The functor a: I(k) —)■ Mod(k) admits a left adjoint /3: Mod(k) —)■ I(k) 
defined as follows. For V G Mod(k), set /5(D) = “ lin^ ” W, where W ranges 
over the family of finite-dimensional vector subspaces of V. In other words, 
/3(y) is the functor 

Mod(k)°P ^ Mod(Z), 

M I—)■ lim Horn^(M, IF), W finite-dimensional. 

wFv 

Note that /3{V){M) ~ Homj^(M, k) O V. 

If V is infinite-dimensional, /3{V) is not representable in Mod(k). More¬ 
over, Homm^^(k, D//5(D)) ~ 0. 

Now, denote by D(k) the category of ind-objects in Mod'^(k). There is 
an equivalence of categories 

a: P (k) ^ Mod(k), “Ih^” D ^ lii^ D. 

i i 

We get the non commutative diagram of categories 


r(k) 



Mod(k) —I(k). 

Moreover, the functor T commutes with small inductive limits but the functor 
L does not. 

It is proved in [KS06, Prop. 15.1.2] that the category I(k) does not have 
enough injectives. 

Definition 2.1.3. An object A G Ind(^) is quasi-injective if the functor 
• ,A) is exact on the category 

It is proved in loc. cit. that if ^ has enough injectives, then Ind(^) has 
enough quasi-injectives. 


16 





2.2 Indsheaves 


2.2 Indsheaves 

Let M be a good topological space and let k be a field as in snbsection 1.1. 

One denotes by Mod‘^(kA 4 -) the fnll snbcategory of Mod(kM) consisting 
of sheaves with compact support. We set for short: 

I(kM) := Ind(Mod'^(kM)) 

and calls an object of this category an indsheaf on M. 

When there is no risk of confusion, we shall simply write Ik^r instead of 

I(kM)- 

Theorem 2.2.1. The prestackI(kM) '■ U i—)■ I(kf/), U open in M, is a stack. 

For F = “ lin^ ” Fj G I(kA 4 -) and G = “ lin^ ” Gj G l{kM) with Fj, Gj G 
* j 

Mod'^(kM), we set: 

F®G = “lh^”(F,0G,), 

hj 

J^hom (F, G) = ^im “ lin^ ” J^om {Fi, Gj). 

* j 

Note that for F G Mod(kM) and {Gj}j^j a small filtrant inductive system 
in l{kM), we have 

J^hom (F, “ lin^ ” Gj) ~ “ lin^ ” J^hom (F, Gj). 
j j 

Lemma 2.2.2. The category I(kA^) is a tensor category with ® as a tensor 
product and k^ as a unit object. 

Note that ^hom is the inner horn of the tensor category I(kAf), i.e., we 
have 

(g)F2,F3) ~ Homj(^^)(Fi, J^hom(F2,F3)). 

We have two pairs (om, ^-m) and {(Hm, C(m) of adjoint functors 


Mod(kM) < I(kM)- 

Pm 
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2.2 Indsheaves 


The functor lm is given by 

lmF = “1^” Ff/, U open relatively compact in M. 

UC^M 

The functor aM is dehned by 

aM'- “ lira ” Fi i—)■ h^Fj (/ small and hltrant). 

iel i£l 

For F G Mod(kM), is the functor 

I3m{F) : G ^ r(M; F°(D'^G) ® F), (G G Mod^(kM)). 

(This last formula is no more true if k is not a field.) 

• Lm is exact, fully faithful, and commutes with ^m, 

• aM is exact and commutes with and li^, 

• /9m is exact, fully faithful and commutes with lin^ , 

• aM is left adjoint to lmi 

• aM is right adjoint to Pm, 

• O'M ° I'M — idMod(kM) o Pm — idMod(kM)- 

Denote as usual by 


I(kM)°’’ x I(kM) -t Mod(kM) 
the hom functor of the stack X(kM)- Then 

Jfbm ~ aM o J^hom , 


and 


Homj(^^)(Fi,F 2 ) ^ T{M;jrom,^jK,,K 2 )) for G I(kM). 

Notation 2.2.3. As far as there is no risk of confusion, we shall not write 
the functor lm- Hence, we identify a sheaf F on M and its image by lm- 
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2.2 Indsheaves 


Example 2.2.4. Let U C M be an open subset, S G M a closed subset. 
Then 


/3m(Mu) — “Ih^” ky, V open ,V OZ U, 

V 

PmO^s) — “ lim ” ky, V open , S C V. 

V 

Let a E M and consider the skyscraper sheaf k{a}. Then / 3 M(k^a}) k{a} is 
an epimorphism in I(k7y) and dehning Na by the exact sequence: 

0 —)■ Na — )■ /dM{k{a}) k{a} —)■ 0, 

we get that Honijj^^(k[/, No) — 0 for all open neighborhood U of a. 

Let /: M —)■ iV be a continuous map. Let G = “ lin^ ” Gi E l^k^) with 

i 

Gi E Mod'^(k7v). One dehnes f~^G E I(k7y) by the formula 

f-^G = “lim” f-^Gi. 

i 

Let F = “ lin^ ” Fi E I(kyf) with Fi E Mod^{kM)- One dehnes f\F E I(k7v) 

i 

by the formula: 

/a.(“ lin^ ” Fi) = “ lin^ ” f*{FiK) {K compact in M). 

i K i 

The two functors /* and f~^ commute with both the functors l and a and 
that is the reason why we keep the same notations as for usual sheaves. 
Recall that for a usual sheaf F, its proper direct image is dehned by 

j]F= hr^ UFu. 

UCCM 

Hence, one dehnes the proper direct image of F = “lim” F^ E I(kyf) with 
Fi E Mod""(kM) by * 


/n(“lh^”F*) = “lir^”/*(F.). 

i i 

However, f\\o lm ^ in ° f\ in general. That is why we have used a diherent 
notation. 
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2.3 Ring action 


The category I(kM) does not have enough injectives, even for M = pt as 
already mentioned. In particular, it is not a Grothendieck category. One can 
however construct the derived functors and the six operations for indsheaves. 
The functor f~^ has a right adjoint R/*. The functor R/n admits a right 
adjoint, denoted by / '. Hence we have functors 


I'M 

OiM 

I3m 


R^hom 

R/* 

/-' 

R/n 

f- 


D‘’(kM) ^ D"(IkM), 

D"(IkM) ^ D"(kM), 

□•^(kM) ^ □'’(IkM), 

□•^(IkM) X D'’(IkM) ^ D^IkM), 
D"(IkMr X D"(IkM) ^ D+(IkM), 
D'^(IkM)°P X D"(IkM) ^ D+(kM), 
D^(IkM) ^ D"(Ik^), 

D"(Ik^) ^ D^(IkM), 

□•^(IkM) ^ D'’(Ik^), 

D\lk^) ^ D'^(IkM). 


We may summarize the commutativity of the various functors we have 
introduced in the table below. Here, “o” means that the functors commute, 
and “x” they do not. Moreover, hi^ are taken over small hltrant categories. 


( 2 . 2 . 1 ) 




/-' 

/* 

/!! 

f- 

lin^ 

l^m 

i 

O 

o 

o 

X 

o 

X 

o 

a 

O 

o 

o 

o 

X 

O 

o 


o 

o 

X 

X 

X 

o 

X 


Note that the pairs (/“^,R/*) and (R/n,/') are pairs of adjoint functors. 
Finally, note that the functor /■ commutes with hltrant inductive limits 
(after taking the cohomology). 


2.3 Ring action 

We do not recall here the notion of a ring object H or a H-module in a tensor 
category S (see [KSOl, §5.4]). (In the sequel, we shall consider the tensor 
category I(kM), see Lemma 2.2.2.) For such a ring object B in S, we denote 
by Mod(H) the abelian category of H-modules in S and by D'’(H) its derived 
category. 


20 
















2.3 Ring action 


We shall encounter the following situation. Let ^ be a sheaf of k-algebras 
on M. Consider an object .JiC of I(kAf) together with a morphism of sheaves 
of k-algebras 


In this case one says that ^ is an ^-module in I(kM)- One denotes by 

• I(^) the abelian category of ^-modules in I(kA^), 

• D'^(I^) := D'’(I(^)) its bounded derived category. We use similar no¬ 
tations with D’’ replaced with D+, D“ and D. 

One shall not confuse the category I(^) with the category Ind(Mod'^(^)) of 
ind-objects in the category of sheaves of ^-modules with compact support, 
and we shall not confuse their derived categories. 

If ^ is a sheaf of k-algebras as above, then (^mA is a ring-object in the 
tensor category I(kA^). Since 

we get equivalences of categories 

Mod(/3M^) ^ I(^), D'’(/3 m^) ^ D'’(U). 

Remark 2.3.1. Our notations differ from those of [KSOl, §5.4, §5.5]. 

• For a ring object ^ in I(kM), Mod(^) in our notation was denoted by 
I(^) in [KSOlj. 

• For a sheaf of rings A, I(.4,) in our notation was denoted by i{(3A) and 
Ind(Mod^(.4,)) in our notation was denoted by I(.4,) in [KSOlj. 

See [KSOl, Exe. 3.4, Def. 4.1.2, Def. 5.4.4, Exe. 5.3]. 

We have the quasi-commutative diagram 


(2.3.1) 


Pm 

ModM.j ^- ^ l(A) 

OiM 

i^M 

Mod(kM) < I(kM)• 

“M 
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2.3 Ring action 


For ^ e ^ E D’’(^°P) and K E D'^(M) one gets the objects, 

functorially in K: 

K) E D+(IkM), E D-(IkM). 

They are characterized by 

~ (^, R^omj,^^(L, FT)), 

HomD(ik^)(^ ~ HoniD(^)(^,R^omij^^(iF,L)) 

for any L E D(IkM)- 

Proposition 2.3.2. Let M E □'^(.4,), jR E D'^(4,°p) and jR E □'^(14.) . 
There are natural isomorphisms: 

KJRom, jR) ~ R^hom D’^(IkM); 

JR ~ Pm-J znD~(lkM). 

Proof. Let L E D+(IkM)- We have the seqnence of isomorphisms 

~ Homj3(^)(.^, R4fbmj,^^(L, JT)) 

~ Homj^^^^_^^(/9M^, RJ^hom (L, J^)) 

- Homj3(ik^)(L, RJhom^^^{f3M^,P^))- 

The second formula is proved similarly. Q.E.D. 

Notation 2.3.3. For E D^(U), ^ G D'^(U°p) and ^ G D^(U), 

L 

we shall use the notations RJhom, JR) and JR, objects of 

D(IkM). 

Let us briefly recall a few basic formulas. 

We consider the following situation: /: M —)■ iV is a continuous map of 
good topological spaces and is a sheaf of k-algebras on N. 

In the sequel, Dl is D, D'^, D+ or D~. 

Theorem 2.3.4. (a) The funetor f~^: I(kAr) —)■ I(kM) induces a functor 
/-I ; Dl(I.^) ^ D^lf-^Rg). 
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2.3 Ring action 


(b) The functor /*; I(kM) —^ I(kAr) induces a functor R/*; D'I’(I/ —)■ 

(c) The functor /n: I(kA^) —)■ I(kAr) induces a functor R/n: D'^[lf~^M) —)■ 

(d) the functor R/n: D+(I/“^^) —)■ D+(I^) admits a a right adjoint, de¬ 
noted by f' . 

Theorem 2.3.5. (a) For G G and F G D^{lf~^t%), one has the 

isomorphism 

Ryhom^^^{G,Rf^F) ~ Rf^Rj^homj,_i^^^{f-^G, F). 

(b) ForG e D+{W) and F e D-{lf-^^), one has the isomorphism 

Rj^hom^^^{RfiiF,G) ~ Rf^RJhom^_^p^^{F,f-G). 

(c) (Projection formula.) For F G D^(I/“^.^) and G G one has 

the isomorphism 

O R/nr ^ R/||(/-'G F). 


(d) (Base change formula.) Consider the Cartesian square of good topological 
spaces 


(2.3.2) 


M' 

g' 

M 


f 



N’ 

9 

N. 


There are natural isomorphisms of functors from {If to D'^{lg 

(2.3.3) Rf'n9~" - 

(2.3.4) RfJ'- ~^'R/*. 

Note that Theorem 2.3.6 below has no counterpart in classical sheaf the¬ 
ory. 
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2.4 Sheaves on the subanalytic site 


Theorem 2.3.6. Let be a sheaf of kM-algebras, let F G □’’(Icm), let 
JF G D'’(I.4,°p) and let G □’’(.A). Then one has the isomorphism: 

(2.3.5) Rj^hom {F, JF) RjLhom {F, JF =Sf). 

Thanks to Proposition 2.3.2, isomorphism (2.3.5) may also be formulated 
as 

(2.3.6) RjLhom {F, f3M<^ RjLhom {F, 

Also note that (2.3.5) is no more true if we relax the hypothesis that F G 
D"(kM). 

2.4 Sheaves on the subanalytic site 

Recall hrst that, for real analytic manifolds M, N and a closed subanalytic 
subset S of M, we say that a map /: S' —)■ iV is subanalytic if its graph is 
subanalytic in M x A^. One denotes by the sheaf of continuous R-valued 
subanalytic maps on S. A subanalytic space (M, .e^), or simply M for short, 
is an R-ringed space locally isomorphic to (S, j 2 ^) for a closed subanalytic 
subset S of a real analytic manifold. A morphism of subanalytic spaces is a 
morphism of R-ringed spaces. Then we obtain the category of subanalytic 
spaces. 

We can dehne the notion of subanalytic subsets of a subanalytic space, 
as well as R-constructible sheaves on a subanalytic space. 

Definition 2.4.1. Let M be a subanalytic space, Op^ the category of its 
open subsets, the morphisms being the inclusion. One denotes by 
the full subcategory of Opj^^ consisting of subanalytic relatively compact 
open subsets. The site Mga is obtained by deciding that a family {Ui}i^j 
of subobjects of U E is a covering of U if there exists a hnite subset 

J <Z I such that UjeJ ~ ^the subanalytic site associated 
to M. 

Note that 

{ a presheaf F on Mga is a sheaf if and only if F(0) = 0 and for any 
pair (f/i, U 2 ) in Op^^^, the sequence below is exact: 

0 ^ F{Ui U 1 / 2 )% F{Ui) © F{U 2 ) -e F{Ui n U 2 ). 
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2.4 Sheaves on the subanalytic site 


Let us denote by 

(2.4.2) Pm'- M —)■ 

the natural morphism of sites and, as usual, by Mod(k;y^^^) the Grothendieck 
category of sheaves of k-modules on Mga.. Hence, is a pair of 

adjoint functors. 

The functor p~^ also admits a left adjoint, denoted by pm\- For F G 
Mod(kM), Pm\F is the sheaf associated to the presheaf U i—)■ F{U), U E 
OPMsV Hence we have the two pairs of adjoint functors and 

{Pm\, Pm) 

PM* 

Mod(kM) ^Pm— Mod(kM,J. 

PM\ 

The functor pM* is fully faithful. 

One denotes by “1^” the inductive limit in the category Mod(kA^^^). 
Inductive limits do not commute with the functor pM^- 

Remark 2.4.2. It would be possible to develop the theory of subanalytic 
sheaves, that is sheaves on the subanalytic site, and in particular the six 
operations (see [Pr08]). However, in these Notes, we prefer to embed the 
category of subanalytic sheaves into that of indsheaves, as we shall do now. 

Denote by M-C(kM) the small abelian category of M-constructible sheaves 
(see [KS90] for an exposition) and denote by M-C'^(kM) the full subcategory 
consisting of sheaves with compact support. Recall that D’’(M-C(kM)) — 
D^_^(kM). Set 

iR-c(kM) = Ind(M-C‘=(kM)). 

The fully faithful functor M-C'^(kM) —t Mod‘^(kM) induces a fully faithful 
functor lR_c(kM) —t I(kM), by which we regard lR_c(kM) as a full subcategory 
of I(kM). 

We say that an indsheaf on M is a subanalytic indsheaf if it is isomorphic 
to an object of lR_c(kM). 

We have a quasi-commutative diagram of categories in which all arrows 
are exact and fully faithful: 


^rc 

M-C(kM)^^lR-c(kM) 

(2.4.3) 

Mod(kA,) > I(kM). 
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2.4 Sheaves on the subanalytic site 


Proposition 2.4.3. The restriction of the functor pM^ to the subcategory 
M-C(kM) is exact and fully faithful. 

We have a natural functor 

(2.4.4) Am : iR-c(kM) ^ Mod(kM.J, “lu^” F, ^ “lu^” pm,F„ 

i i 

where the hrst “hi^” is taken in the category I]R_(;(kM) and the second one is 
taken in the category Mod(kMga,)- 

Theorem 2.4.4. The functor Am in (2.4.4) is an equivalence. 

In other words, subanalytic indsheaves are usual sheaves on the subana¬ 
lytic site. By this result, the embedding lR_c(kM) ^ I(kM) gives an exact 
and fully faithful functor 

(2.4.5) lm'- Mod(kMga,) —)■ I(kM)- 
Note that for G G Mod(kMsa)) one has 

TmG ~ “lim” F, where F e R-C(kM)- 

pm,f^g 

Also note that 


iMd^om {F, G) ~ J^hom (F, lmG) for F G M-C(kM), G G Mod(kMsa)- 

We have the following diagrams, where the one in the left is non commutative 
and the one in the right is commutative (see Diagram 2.1.1 for the case 
M = pt): 

Mod(kM.J Mod(kM.J — iR-c(kM) 



Mod(kM) > I(kM), I(kM)- 


The functors lm and lm are exact but pm* is not right exact in general. 
Lemma 2.4.5. The two diagrams below commute: 


(2.4.7) 


Mod(kM,J Mod(kM,J 



Mod(kM) ^^^I(kM), Mod(kM)-^I(kM)- 


26 











2.4 Sheaves on the subanalytic site 


Proof, (i) Let us prove the commutation of the diagram on the left. Since 
all functors in the diagram commute with inductive limits, we are reduced to 
prove the isomorphism pf^pM^F ~ cxm^mPm^F for F e M-C^(kM) and the 
result is clear in this case. 

(ii) Let us prove the commutation of the diagram on the right. Again all 
functors in the diagram commute with inductive limits. We shall hrst prove 
that 

. . the functor (3m factors as (3m = ° for a functor 

Xm-. Mod(kM) ^ Mod(kM.J. 

First consider the case oi F = ku for U open and relatively compact in M. 
In this case, 


/3Mku ^ “ lin^ ” ky, V open in M 
vccu 

and we may assume that V is subanalytic. Hence (3Mku is a subanalytic 
indsheaf. Since any F G Mod(kA^) is obtained by taking direct sums and 
cokernels of sheaves of the type ku and the subcategory of subanalytic ind- 
sheaves is stable by these operations, (3mF is a subanalytic indsheaf for any 
F G Mod(kM) and we get (2.4.8). It remains to prove that Xm — Pm\- Let 
F G Mod(kM) and G G Mod(kMaa)- Using (i) and the fact that Tm is fully 
faithful, we have 


Horn {pm\F,G) 


~ Horn (F, PmG) ~ Horn (F, omi^mG) 

~ Horn {I3mF, TmG) ~ Horn {TmXmF, TmG) 
~ Hom(AMU,G). 


Q.E.D. 

We denote by ,,(IkA^) the full subcategory of D'^(IkM) consisting of ob¬ 
jects with subanalytic indsheaves as cohomologies. By [KSOl, Th 7.1], we 
have: 

Theorem 2.4.6. The functor Tm induces an equivalence of triangulated cat¬ 
egories 

(2.4.9) D"(kM.J ^ DV.(IkM). 

Proposition 2.4.7. Let M be a subanalytic space. 


27 



2.5 Some classical sheaves on the subanalytic site 


(i) Let K,L e Then K ®L ^ D^]^_^(IkM)- 

(ii) Let K G D^jg_^(IkM) and let F G Dg_^(kM)- Then IiJLhom{F, K) G 

Proposition 2.4.8. Let f:M^N be a morphism of subanalytic spaces. 

(i) ForL G DVc(IkAr), wehavef-^L G DVc(IkM) andf'Le DVc(IkM)- 

(ii) For K G DVc(IkM), we have RfnK G □^'^.^(IkAr). 

The next result will be of a constant use. 

Proposition 2.4.9. A morphism u: K —)■ L in Dj)g_^(IkM) is an isomor¬ 
phism if and only if, for any relatively compact subanalytic open subset U 
of M and any n E Z, u induces an isomorphism Honipb(jkj ^^(ku[n\,K) ^ 

HomDb(ik^)(kt/[n],L). 

2.5 Some classical sheaves on the subanalytic site 

In this subsection, we take C as the base held k. 

Notation 2.5.1. Let X be a complex manifold and let be the sheaf 
of differential operators, as in § 1.2. According to Proposition 2.3.2, for 
G D^(^x), we get the functors 

•) : D^(I^x) ^ D+(ICx), 

• 0 • : D-(I^x) X D^(I^x) ^ D-(I^x). 

There are similar constructions with right ^x-modules. 

If M is a real analytic manifold, we denote by the sheaf of hnite- 
order differential operators with real analytic coefficients. Denoting by X a 
complexihcation of M, we have ^ ^x\m and the notations above apply 
with replaced by ^m- 
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2.5 Some classical sheaves on the subanalytic site 


2.5.1 Tempered and Whitney functions and distributions 

In this subsection and the next ones, M denotes a real analytic manifold. 

As usual, we denote by (resp. the sheaf of C-valued functions of 
class C°° (resp. real analytic) and by VbM (resp. the sheaf of Schwartz’s 
distributions (resp. Sato’s hyperfunctions). We also use the notation = 

C (jJ 

M' 

Definition 2.5.2. Let U be an open subset of M and / G C’^{U). One says 
that / has polynomial growth at p G M if / satisfies the following condition: 
for a local coordinate system (a:i,..., Xn) around p, there exist a sufficiently 
small compact neighborhood K of p and a positive integer N such that 

(2.5.1) sup (dist(a;, iL \ [/))^|/(x)| < oo . 

xeKnu 

Here, dist(a;, K \ U) :=mf {\y — x\ ] y E K \ U}, and we understand that the 
left-hand side of (2.5.1) is 0 if iL fl f/ = 0 or iL \ f/ = 0. Hence / has 
polynomial growth at any point of U. We say that / is tempered at p if all 
its derivatives have polynomial growth at p. We say that / is tempered if it 
is tempered at any point of M. 

An important property of subanalytic subsets is given by the lemma be¬ 
low. (See Lojasiewicz [Lo59] and also [Ma66] for a detailed study of its 
consequences.) 

Lemma 2.5.3. Let U and V be two relatively compact open subanalytic sub¬ 
sets of ML. There exist a positive integer N and C > 0 such that 

dist(a:,M"\ (f/UH))^ < C'(dist(a;, R” \ [/) + dist(a:, M" \ H)). 

For an open subanalytic subset U in M, denote by the subspace 

of Cf^iU) consisting of tempered C°°-functions. 

Denote by Vb\j{U) the image of the restriction map V{M]VbM) —t 
V{U]VbM)-i and call it the space of tempered distributions on U. Using 
Lemma 2.5.3 and (2.4.1) one proves: 

• the presheaf U i—)■ is a sheaf on Msa, 

• the presheaf U i—)■ Vb\j{U) is a sheaf on Mga. 


29 



2.5 Some classical sheaves on the subanalytic site 


One denotes them by and 

For a closed snbanalytic snbset S in M, denote by g the space of C°°- 
fnnctions dehned on M which vanish np to inhnite order on S. In [KS96], 
one introdnced the sheaf: 

W 

:= V I h I^y\;7 

and showed that it nniqnely extends to an exact fnnctor 

W 

• ■ ModR_c(CM) —t Mod(CM)- 

One denotes by the sheaf on Mga given by 

W 

CSitiU) = r(Mi ®V^). u e Op„„. 

If D'j^Cu — Cfj, then ~ C^^M )is the space of Whitney 

functions on U. It is thus natural to call the sheaf of Whitney C°°- 

functions on Mga. 

Note that the sheaf Pm*^m does not operate on the sheaves 
but Pm\S'm does. 

Notation 2.5.4. Recall the exact and fully faithful functor Fm : Mod(CMaa) 
Mod(ICM) in (2.4.5). We denote by and T>b\^ the indsheaves 

TmC^’^, andFuF’&M^^ and calls them the indsheaves of Whitney func¬ 

tions, tempered C°° -functions and tempered distributions, respectively. 

We have monomorphisms of indsheaves 

/700,w /-yOO,t /^oo 

Y Y 

^ T^hM ■ 

Let F G D^_^(Cm)- One has the isomorphisms in D’’(Ca^): 

, pllRM’om{RpM,F,Vb\^J ~ RjFom^^^{F,Vblt) 

~ Thom{F,VbM), 

where the functor 


Thom{yVbM). ^ D"(Cm) 
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2.5 Some classical sheaves on the subanalytic site 


was defined in [Ka80, Ka84] as the main tool for the proof of the Riemann- 
Hilbert correspondence for regnlar holonomic D-modnles. 

We also have 


W 

Rjeom,cJF,C^-') ~ D'„F0CS. 

We shall see in Snbsection 2.5.4 that there is a kind of dnality between 
the indsheaves and 

2.5.2 Operations on tempered distributions 

Let us describe without detailed proofs the behaviour of the indsheaf of 
tempered distributions with respect to direct and inverse images (see [KSOl]). 
In [KS96] these operations are treated in the language of the functor Thom 
introduced in [Ka84], but we prefer to use the essentially equivalent language 
of indsheaves. 

For a real analytic manifold M and for a morphism of real analytic man¬ 
ifolds / : M —)■ iV, we denote by 

• dim M the dimension of M, 

• the sheaf of real analytic forms of top degree, 

• ©M the sheaf of real analytic vector helds, 

• oi M the orientation sheaf, 

the sheaf of real analytic densities on M, 

L 

• 'Dlh'^ := Ym indsheaf of tempered distributions densities, 

• = s/m the transfer bimodule. 

Proposition 2.5.5. Let M and N he two real analytic manifolds. There 
exists a natural morphism 

(2.5.3) ^ D'’(I(^Ar ® ^n))- 

The next result is a feormulation of a theorem of [Ka84]. 
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2.5 Some classical sheaves on the subanalytic site 


Theorem 2.5.6. Let f:M^N be a morphism of real analytic manifolds. 
There exists a natural isomorphism 

(2.5.4) ^ f'VbZ m 

Sketch of proof. (i) First, we construct the morphism in (2.5.4). By adjunc¬ 
tion it is enough to construct a morphism 

(2.5.5) RMVbZ 0^^ ^m^n) ^ VbZ- 

Denote by Sp. the Spencer complex of a coherent ^M-module .JK. 
There is a quasi-isomorphism Sp.(.^) —)■ .y#, where Sp^(./#) is the ^m- 
module 0^^ A" ©M 0^^ Then Sp. (.^m—)- iv) gives a resolution 

of as a (.^m,/~^^A r)-bimodule locally free over S^m- Note that 

VhZ 0^^ Spfc(^M—)-Ar) is acyclic with respect to the functor f\\ for any k. 
Hence, in order to construct morphism (2.5.5), it is enough to construct a 
morphism of complexes in 

(2.5.6) fn{VbZ 0^^ Sp. (^m^tv)) ^ Vh^. 

Set for short 

= VhZ 0^^ Sp. (^m^tv) ^ VhZ 0^^ /\ Qm f~^^N- 

Then we have f\\{S^o) = f\\(VbZ) 0^^^ ^n- The integration of distributions 
gives a morphism 

(2.5.7) / : MVbZ) ^ ®6S(. 

Since VbZ is a right ^Ar-module, we obtain the morphism u: /n(J^) —)■ Vb^f ■ 
By an explicit calculation, one checks that the composition 

fv.m^fv.seo^vbZ 

vanishes. This dehnes morphism (2.5.5) and hence the morphism in (2.5.4). 
(ii) One can treat separately the case of a closed embedding and a submersion, 
(a) If /: M —)■ is a closed embedding, the result follows from the isomor¬ 
phism 

Rj^hom {fXvi, l^bZ) ^ VbZ 0^^ ^m^n- 
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(b) When f is a submersion, one reduces to the case where M = N xM. and 
/ is the projection. Let F G such that / is proper on Supp(F) and 

let us apply the functor R/*RJ^om(F, •) to the morphism (2.5.4). Using 
RJ^om (F, •) ~ aM o RJ'hom {F, •), we get the morphism 

RMRJ^om{F,VFj^)^^^^M^N) ^ Rf.RJ^om{Fj'-VFj:') 

~ Rjrom(R/,F,R>6)((). 

By Proposition 2.4.9, it remains to prove that (2.5.8) is an isomorphism. 

One then reduces to the case where F = Cz for a closed subanalytic 
subset Z of iV X M proper over N. Then, by using the structure of subanalytic 
sets, one reduces to the case where O Z is a closed interval for each 

X G f{Z). Finally, one proves that the sequence below is exact. 

0 ^ fiTzVbM ^ fiTzVbM Tf^zPbM ^ 0 . 


Q.E.D. 

One often needs to compactify real analytic manifolds. In order to check 
that the construction does not depend on the choice of compactihcations, the 
next lemma is useful. 

Lemma 2.5.7. Consider a morphism f:M^N of real analytic manifolds 
and let V G N be a subanalytic open subset. Set U = f~^V and assume that 
f induces an isomorphism of real analytic manifolds U V. Then 

(2.5.9) R^homifCuiVbfj) ~ /' Rj^hom (Cy, 

Proof. By Theorem 2.5.6, we have 

/■ RJ^homifCvt'Dbfi) ~ Rc/hom (/“^Cy, /' 

~ Rj^hom (C[/, Vb^ff 

Since the morphism of ^M-modules — )■ )■ n is an isomorphism on U, 

it induces an isomorphism 

Rj^hom {Cu, Vb^M ^m) ^ RJ^hom (Cf/, Vb^ff 

Q.E.D. 
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Remark 2.5.8. By choosing N = pt and F = Cu for U open snbanalytic, 
we obtain that RHom (R/iCjj, C) ~ RT{U;um) is isomorphic to the de Rham 
complex with coefficients in F>b\^{U). This is a vast generalization of a well- 
known theorem of Grothendieck [Gr66] which asserts that the cohomology 
of the complementary of an algebraic hypersnrface S may be calcnlated as 
the de Rham complex with coefficients in the sheaf of meromorphic fnnctions 
with poles on S. This resnlt has been generalized to the semi-analytic setting 
by Poly [Po74]. 


2.5.3 Whitney and tempered holomorphic functions 

Let X be a complex manifold. We denote by the complex conjngate 
manifold to X and by Xr the nnderlying real analytic manifold. 

We dehne the following indsheaves 



■ = Px^x, 




:= RJfom^^Si^x^Xxr) 

— blx<^ [ 

-dx]: 

^x 


L 

1 ~ blx<: < 8 )ca Vby 

[-dx 

n^x 

blx ^x- 




The hrst three are objects of while the last one is an object of 

DVclI®?)■ Hence is isomorphic to the Dolbeanlt complex with coeffi¬ 
cients in ; 




Vb 


t (0,1) 


vb 


t {(},dx) 
Xk 


0 , 


where sitnated in degree p. 

One calls and the indsheaves of Whitney and tempered holo- 
morphie funetions, respectively. We have the morphisms in the category 

D"(I^x): 


^ ^ ^ ^X 


One proves the isomorphism 

(2.5.10) ^ R^om^^S^x^,C^^)mD^{Wx). 

Note that the object iffx is not concentrated in degree zero if dx > 1- 
Indeed, with the snbanalytic topology, only hnite coverings are allowed. If 
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one considers for example the open snbset [/ C C”', the difference of an open 
ball of radius R and a closed ball of radius r with 0 < r < R, then the 
Dolbeault complex will not be exact after any hnite covering. 

Example 2.5.9. (i) Let Z he a closed complex analytic subset of the complex 
manifold X. We have the isomorphisms in D^{h0x)'- 

ffx) - {^x)z (restriction), 

Gx) ~ Gx\z (formal completion), 

G^) ~ RT^zjiGx) (algebraic cohomology), 
RJifomi^^{Cz, Gx) — RVzi^Gx) (local cohomology). 

(ii) Let M be a real analytic manifold such that X is a complexihcation of 
M. We have the isomorphisms in 

RJifomj^^^iD'xC-M, Gx)\m — (real analytic functions), 

R^omjc^(D'^CM, G^)\m ^ (C°°-functions), 

R^omjj,^(D(^CM, G^)\m — RbM (distributions), 

RJ^orUjj,^(D(^C m, Gx)\m — (hyperfunctions). 

2.5.4 Duality between Whitney and tempered fnnctions 

We shall use the theory of topological C-vector spaces of type FN (Frechet 
nuclear spaces) or DFN (dual of Frechet nuclear spaces). The categories 
of FN spaces and DFN spaces are quasi-abelian and the topological dual¬ 
ity functor induces a contravariant equivalence between the category of FN 
spaces and DFN spaces. It induces therefore an equivalence of triangulated 
categories 

Db(FN)°P ~ D^(DFN). 

Proposition 2.5.10 ([KS96, Prop. 2.2]). Let M he a real analytic manifold 
and let F G M-C(Cm)- Then, there exist natural topologies of type FN on 

W 

F(M;F®C^) and of type DFN on Tc{M] Gifomj,^^{F,Vbff)), and they are 
dual to each other. 

Here, as usual, Fc(M; •) is the functor of global sections with compact 
support. 
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Hence for any open subset U of M, we have 

r(C/;F0CS) ^ 

~T{U-,UMJif<yrn,cJF,Vb'y), 

w 

which induces a morphism of sheaves F and 

then a pairing 


, W V , , , 

(2.5.11) {F®Cm) ® -)> um- 

Let X be a complex manifold, let G and let F,G E D^_^(Cx)- 

Set for short 


w 

W{J^,F) := R^om^^{J^,F 

^{F, Ji) := (F, 11^ [dx]) ^ 

W 

W{G,.^,F) := RHom(G',R^om^^(.^,F(8)^x)), 

Tc{F, G) := Rrc(X; (F, [dx]) ® G) • 

Then (2.5.11) induces a pairing 


(2.5.12) 'W{J^,F)®Sr{F,J^)^ux. 


and a pairing 


(2.5.13) W{G,J^,F)®T^{F,Ji,G)^C, 

Theorem 2.5.11 ([KS96, Theorem 6.1]). The two objects W{G,./^,F) and 
Tc{F, , G) are well-defined in the categories D'’(FN) and D^(DFN), respec¬ 
tively, and are dual to each other through the pairing (2.5.13). 

Now we assume that G and we consider the following asser- 
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tions. 


W 

(a) the object := F ® ^x) is M- 

constructible, 


(2.5.14) 



L 

the object ^(F,:= RJ^om^^^{F,Q^^ [dx]) ^ is 

M-constructible, 


(c) conditions (a) and (b) are satished, and the two com¬ 
plexes in (a) and (b) are dual to each other in the category 
DL(Cx), that is, W{^,F) ~ 


Lemma 2.5.12. The assertions (a) and (b) are equivalent and imply (c) . 

Proof. Assume for example that (b) is true. The pairing (2.5.12) induces a 
morphism 


(2.5.15) F) Dx(^(F, ^)). 

For any relatively compact open subanalytic subset f/, RVcifJ] PTi^F., 
has hnite-dimensional cohomologies by (b), and the morphism induced by 
(2.5.15) 

RT{U]W{.^,F)) Rr(f/;Dx(^(F,.^))) ~ Rom[RV^{U]Fr{F,J^))X) 

is an isomorphism by Theorem 2.5.11. Hence (2.5.15) is an isomorphism, 
which implies (a) and (c). Q.E.D. 

Theorem 2.5.13. Let G D\^f3ix) and F G D^_^(Cx)- Then assertions 
(a), (b), (c) in (2.5.14) hold true. 

This result will be proved in Corollary 7.7.2 below. Note that it solves a 
conjecture in [KS03, Conjecture 6.2]. 

Applying this result in the situation of Example 2.5.9 (ii), we get: 

Corollary 2.5.14. Let M be a real analytic manifold, X a complexification 
of M and let G D\^fStx)- Then the two objects RJifom,Cj^) and 

L 

VFm belong to D^_^(Cm) and are dual to each other. Namely, we 

have 
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Corollary 2.5.15. Assume that ^ G F G D^_^(Cx) and Supp(F) 

is compact. Then the complexes 

w L 

Rr(X; F ® &x)) a,nd Rr(X; R^omjj.^(F, 12^ [dx]) ■^) 

have finite-dimensional cohomologies and (2.5.12) induces a perfect pairing 
for all i 


i/“*Rr(X; F)) ® WRV{X] Fr{F, Jt)) C. 

Remark 2.5.16. It follows immediately from [Ka78, Ka84] that (b), hence 
(a) and (c), are true when F G ,,(Cx)- 

In [BE04], S. Bloch and H. Esnault proved directly a similar result on an 
algebraic curve X when assuming that is a meromorphic connection with 
poles on a divisor D and F = Cx- They interpret the duality pairing by 
considering sections of the type 7 ®e, where 7 is a cycle with boundary on D 
and e is a horizontal section of the connection on 7 with exponential decay 
on D. Their work has been extended to higher dimension by M. Hien [Hi09]. 


3 Tempered solutions of D-modules 

3.1 Tempered de Rham and Sol functors 

Setting 12^ := f2x dehne the tempered de Rham and solution 

functors by 

VTVx : D^{^x) —t D (ICx), ^ •—t 12]^ ^, 

SoRx ■ ^ D+(ICx), ^ 

One has 

Solx — ctx'Solxi T)TZx — ctxFTV^. 

For ^ G D^^^{^x), one has 

(3.1.1) SoRxi-^) - VF}x{B)x^)[-dx]. 

The next result is a reformulation of a theorem of [Ka84] (see also [KSOl, 
Th. 7.4.1]) 
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3.1 Tempered de Rham and Sol functors 


Theorem 3.1.1. Let f: X be a morphism of complex manifolds. There 
is an isomorphism in 

(3.1.2) 12^ 0^^ [dx] /' [dy]- 

Proof. Consider isomorphism (2.5.4) with M = Xr and X = Ir and apply 

L 

* get the resnlt since 

L L 

* ®<2xy,x- ^XxX-^YxY- ^Y- 

L L 

L L 

- * ®;^xxx= ^xxx-^YxY- ^yy-y^^y 

^ * ®^XXX^ ^XXX^^Y 

Q.E.D. 

Note that this isomorphism (3.1.2) is eqnivalent to the isomorphism 

(3.1.3) [dx] ^f-G^ [dy] in D\lf-^^y). 

Corollary 3.1.2. Let f: X ^ Y be a morphism of complex manifolds and 
let yT G D’^(^y). Then (3.1.2) induces the isomorphism 

(3.1.4) I17^*x(D/*^) [dx] ^ f-Vn^YT) [dy] zn D"(ICx). 

L 

Proof. Apply • / ^yT to isomorphism (3.1.2). Q.E.D. 

Corollary 3.1.3. For any complex manifold X, we have 

vn\{ffx)^Cx[dx]. 

Corollary 3.1.4. Let f: X ^ Y be a morphism of complex manifolds. There 
is a natural morphism 

(3.1.5) f-^n^y ^y^x ^ ^n D'’(I^^P). 
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Proof, (i) Assume that / is a closed embedding. We have 




~ f-VtY®f-i^f '^Y^X 

L L 

— S>x^Y ®f-iQ ^Y^^X [dx — dy] 




(ii) Assume that / is submersive. We have 

im Qop ( Siy4^x , RM'om ( Q)y4^x , ^x ) 

— ®3ix [dy — dx] 

~ f'-n^Y[‘2dY-2dx]^f-^nl^. 

Then use 


R=^om^^p(^y^x, ^x) ®f-i^Y V — t 


Q.E.D. 

Note that morphism (3.1.5) is equivalent to the morphism in D'’(I^x) 
^X^Y ®j:-i^^ f ^6 y ^ ^x- 

The next result is a kind of Grauert direct image theorem for tempered 
holomorphic functions. It will be generalised to D-modules in Corollary 3.1.6. 
Its proof uses difficult results of functional analysis. 

Theorem 3.1.5 (Tempered Grauert theorem [KS96, Th. 7.3]). Let / : X —)■ 
Y be a morphism of complex manifolds, let G and assume that 

f is proper on Supp(^). Then there is a natural isomorphism 

(3.1.6) R/n(^l ^) ^ < ®^^ R/,^. 
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An indication on the proof. It is enough to prove that for any G G M-C(Cy), 
we have 

(3.1.7) RJffom ~ RM’om (G, Gf 0 ^^ R/i^)- 

Since ^ and Rf\^ are coherent, (3.1.7) is equivalent to 

(3.1.8) RjTom (/-^G, fff.) 0 ^^ ^ ~ R^om (G, 0 ^^ R/,^. 

Such a formula is proved in [KS96, Th. 7.3]. Q.E.D. 

Corollary 3.1.6 ([KSOl, Th. 7.4.6]). Let f'. X Y be a morphism of 
complex manifolds. Let .y^ G Dq_gQj^jj(^x) o^'^d assume that f is proper on 
Supp(.^). Then there is an isomorphism in D'’(ICy) 

(3.1.9) Vn\.{Df,y^) ^ RfJ)R}x{^)- 

L 

Proof. Applying the functor R/!!(* 0 ^^ y£) to the morphism (3.1.5) we 
obtain the morphism in (3.1.9). To check it is an isomorphism, we reduce to 
the case where = 3ix with a coherent i^x-module such that / 

is proper on Supp(^). Then we apply Theorem 3.1.5. Q.E.D. 

Corollary 3.1.7. Let f and be as in Corollary 3.1.6. Then we have the 
isomorphism 

(3.1.10) D/4^^0.^) ~ in D^(I^y). 

Proof. We have 



- (^y Sd/i.^) 


where the second isomorphism follows from the projection formula (1.2.3). 
Applying Corollary 3.1.6, we obtain 

Dy 0 X)f\J{ ~ R/*(D^ 0^^ {Qix^y 0 Ji)). 
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On the other-hand, we have 



Therefore, 





D 


To conclude, use the equivalence of categories ~ D^(^y) given by 


L 




Q.E.D. 


Remark 3.1.8. If one replaces (3.1.2) with its non-tempered version, then 
the formula is no more true, contrarily to isomorphism (3.1.9) which remains 
true by Theorem 1.2.1. 

3.2 Localization along a hypersurface 

In order to prove Theorem 4.3.2 below, a generalized form of the Riemann- 
Hilbert correspondence for regular holonomic D-modules, we need some lem¬ 
mas. 

If S' C X is a closed hypersurface, denote by <^x(*S) the sheaf of mero- 
morphic functions with poles at S. It is a regular holonomic ^x-module (see 
Dehnition 4.1.1 below) and it is a flat ^x-module. For G D*’(I^x), set 


D 




Lemma 3.2.1. Let S be a closed complex hypersurface in X. There are 
isomorphisms 


^|(*S) ~ RJ^hom{Cx\s,^k) 


(3.2.1) 


Proof, (i) The second isomorphism follows from the first one by applying the 
functor ax- 

(ii) By taking the Dolbeault resolution of we are reduced to prove a sim¬ 
ilar result with T’&Xr instead of More precisely, consider a real analytic 
manifold M, a real analytic map / : M —)■ C. Set S = {/ = 0} and denote 
by j : (M \ S) ^ M the open embedding. Define the sheaf [1 //] as the 
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f f 

inductive limit of the sequence of embeddings ^/m —t —> ■ ■ ■ ■ Equiva¬ 
lently, ^m[1 //] is the subsheaf of consisting of sections u such that 

there locally exists an integer m with Z™ • u G Set 

(Note that 'Dh\j\i/f] is isomorphic to the inductive limit of the sequence of 
morphisms ''' •) E is enough to prove the isomorphism 

(3.2.2) Vbl^[l/f] ~ RJ^hom{CM\s,'h>blj), 

or, equivalently, the isomorphism for any open relatively compact subanalytic 
subset U oi M 

(3.2.3) r(,u-,vbl,ji/f]) ~ r{u\s-,vbl,j. 

This follows from the fact that /: r([/ \ S-,Vbl^^J —)■ r([/ \ S-,Vbl^^J is 
bijective. (See also Lojasiewicz [Lo59].) Q.E.D. 

In the sequel, we set for a closed complex analytic hypersurface S 

(3.2.4) ■= ® ^x{*S) ~ R^hom (Cm\s, ^x)- 

Lemma 3.2.2. Let S be a closed complex hypersurface in X. There are 
isomorphisms 

(3.2.5) fix ^xi*^) ^x{*S) ~ R^om (Cx\s') Cx) [dx]- 

Proof. It follows from Lemma 3.2.1 that 

^ R../hom (Cx\s, fix i^x). 

Then the result follows from the isomorphisms 

^x ^x — ^x — Cx [dx]- 


Q.E.D. 
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4 Regular holonomic D-modules 

4.1 Regular normal form for holonomic modules 

For the notion of regular holonomic D-modules, refer e.g. to [Ka03, §5.2] 
and [KK81]. 

Definition 4.1.1. Let ^ be a holonomic ^x-module, A its characteristic 
variety in T*X and the ideal of gr(^A-) of functions vanishing on A. We 
say that ^ is regular if there exists locally a good filtration on ^ such that 
e/A ■ gr(-^) = 0. 

One can prove that the full subcategory Modrh(.^x) of Modcoh(^x) con¬ 
sisting of regular holonomic ^x-modules is a thick abelian subcategory, sta¬ 
ble by duality. Denote by the full subcategory of whose 

objects have regular holonomic cohomologies. Then D^jj(^x) is triangulated. 

For a coherent ^x-module ^, denote by SingSupp(.y^) the set oi x & X 
such that ^ is not a coherent ^x-module on a neighborhood of x. 

Definition 4.1.2. Let X be a complex manifold and D <Z X a normal 
crossing divisor. We say that a holonomic ^x-module ^ has regular normal 
form along D if locally on D, for a local coordinate system [zi,, Zn) on X 
such that D = {zi ■ ■ ■ Zr = 0}, — ^xj for A = (Ai,..., A,.) G (C\Z>o)'’. 

Here, is the left ideal generated by the operators [zidi — Aj) and dj for 
i e {1 ,... ,r}, j e {r -fl,... ,n}. 

One shall be aware that the property of being of normal form is not stable 
by duality. Note that, for A = (Ai,..., A^) G C™, ^xj (^x/A^a)(*-D) 
if and only if Aj G C \ Z>o for any z G {1,..., r}. 

Of course, if a holonomic ^x-module has regular normal form, then it is 
regular holonomic. 

Lemma 4.1.3. Let be a holonomic module with regular normal form along 
D. Then we have the natural isomorphism Solx{-Lf) <^Cx\d Solx{^)- 

Proof. It is enough to prove that SoIx{-^)\d — 0. In a local coordinate sys¬ 
tem {zi,..., Zn) as in Definition 4.1.2, set Zi = {zi = 0}. Setting Pi = Zidi—\i 
with Aj G C \ Z>o, it is enough to check that Pi induces an isomorphism 
Pi- ^x\zi ^x\zi, which is clear. Q.E.D. 
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Lemma 4.1.4. Let Px{^) he a statement concerning a complex manifold 
X and a regular holonomic object .M G Consider the following 

conditions. 

(a) Let X = Ui be an open covering. Then Px{^) is true if and only 
if Pu.{./^\u.) is true for any i E I. 

(b) If Px{-y^) is true, then Px{^[n]) is true for any n E Z. 

(c) Let -E -E .y£" be a distinguished triangle in D\{2>x)- U 
Px{^') and Px{^'') are true, then Px{^) is true. 

(d) Let .M and .M' be regular holonomic ^x-modules. If Px{^ © -y^') is 
true, then Px{-y^) is true. 

(e) Let f'. X -E Y be a projective morphism and let .Mbe a good regular 
holonomic ^x-module. If Px{^) is true, then Pyillf*^) is true. 

(f) //.y# is a regular holonomic ^x-module with a regular normal form along 
a normal crossing divisor of X, then Px{^) is true. 

If conditions (a)-(f) are satisfied, then Px{^) is true for any complex man¬ 
ifold X and any .M E D\{3ix)- 

Sketch of proof, (i) If H is a normal crossing hypersurface of X and is a 
regular holonomic ^x-niodule satisfying 

• SingSupp(./^) C D, 

then, locally on X, there exists a filtration 


.YH — D D ■ ■ ■ Z) D — 0 

such that has regular normal form. It follows that in this case, 

Px(-^) is true. 

(ii) Let us take a closed complex analytic subset Z oiX such that the support 
of .y# is contained in Z. We argue by induction on the dimension m of Z. 
There exists a morphism f: W ^ Z such that 

(1) W is non singular with dimension m, 

(2) / is projective, 

(3) there exists a closed complex analytic subset S of Z with dimension < m 
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such that 

• f~^{Z \ S') —)■ Z \ S' is an isomorphism, 

• D := f~^S is a normal crossing hypersurface of W, 

j 

• C D, where g is the composition W Z M- 

X. 

We have 


{Dg*.J<){*D) ~ {{H"^-^^Dg*..^){*D))[dx - m]. 

Then by step (i), Pw{(Dg*-y^){*D)) is true. Hence Px{Dg^,(^(Dg*.y£'){*D))) 
is true. Let us consider a distinguished triangle 

Dg,{{Dg*^){*D))[m - dx] ^ PZ ^ . 

Since Supp(^) C S, Px{^) is true by the induction hypothesis. Hence 
Pxi-P^) is true. Q.E.D. 

Remark 4.1.5. In fact, we could remove condition (d) in the regular case. 
We keep it by analogy with the irregular case (Lemma 4.1.4). 


4.2 Real blow up 

A classical tool in the study of differential equations is the real blow up, and 
we shall use this construction in the proof of Theorems 4.3.2, 7.8.1 and in 
the dehnition of normal form given in § 7.5. 

Recall that denotes C \ {0} and M>o the multiplicative group of pos¬ 
itive real numbers. Consider the action of M>o on x M: 

(4.2.1) R>o X (C^ X M) —)■ X M, (a, {z, t)) i-)- (ax, a~^t) 

and set 

gtot _ ^ ^ = (C^ X R>o)/M>o. 

One denotes by the map: 

(4.2.2) ^ C, (x, t) ^ tz. 


Then we have 


0ot 3 D C 


•<>0 




46 



4.2 Real blow up 


Let X = C” ~ C’’ X C"' ^ and let D be the divisor {zi - ■ ■ Zr = 0}. Set 

iftot ^ X X C"■^ X = (C-°)^ X C”“L 

Then X is the closnre of in X*°*. The map vj^°^ in (4.2.2) dehnes the 
map 

w.X^X. 


The map w is proper and indnces an isomorphism 

zu\x>o: X>° = w-\X\D) ^X\D. 


We call X the real blow up along D. 

Remark 4.2.1. The real manifold X (with bonndary) as well as the map 
w. X ^ X may be intrinsically dehned for a complex manifold X and a 
normal crossing divisor bnt is only intrinsically dehned as a germ of 
a manifold in a neighborhood of X. 

We set 


(4.2.3) 


Vh\ := .Xhom 

~ w '■ ^hom (Cx\D, 


where the last isomorphism follows from Lemma 2.5.7. Note that T>b% is an 
object of 

Now we set 

(4.2.4) 


Then Ax and are concentrated in degree 0, and hence they are sheaves 
of C-algebras on X. Indeed, A^ is the subsheaf of consisting of 

holomorphic functions tempered at any point of X \ X^*^ = w~^{D). Here, 
j : X>° X is the inclusion. Clearly, "Dfeh is an object of I(^^ ®w~^S>x<^)-, 
and hence 


(4.2.5) 


is an object of D'^(I^^). 
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4.2 Real blow up 


By using (4.2.3), we get the isomorphism 

(4.2.6) ~ zu' in D^{\w~^S>x)- 

Recall that the map w is proper, and hence Rtnn ~ Rtn*. 

Lemma 4.2.2. Let G D’’(ICm)- If RjLhom{Cx\D) then we 

have Rw\\w' ^ 4^. 


Proof. One has 

Rzuiizu '~ Rzu^zu'RJ^hom(Cx\D, 

~ Ren* Rj^hom (tn“^Cx\D5'^'^) 
~ Rj^hom (Rennen“^Cx\D5'^) — 


As a corollary, we obtain the isomorphism 

(4.2.7) Ren*^| ~ ^1(*^) in D^(Wx)- 

For ^ G we set 

(4.2.8) P77h(^) = 

(4.2.9) iSo/~(^) = R.^om^^(.yF, ^~). 

Here Oh ;= w~^Qx an object of D’’(I((^^)°p)) . 

For .y# G D^{^x) we set: 

(4.2.10) := e D'^(^l). 

Lemma 4.2.3. For ^ G D^{3ix), we have 

(4.2.11) w-VR}j^{x^{*D)) ~ 

(4.2.12) RwJ)n\{.^^) ~ Vn^^{.y£{*D)). 


Q.E.D. 
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4.3 Regular Riemann-Hilbert correspondence 


Proof. By (4.2.6), we have 


w-vr: 


X 


*D)) ~ zu' (12^ (g)^ 


~ zu' 








w 

M 


Hence we obtain the hrst isomorphism. 
Since 


VVfx{J^{^D')') ^ Rj^hom{Cx\D:T)Rfx{J^{*D))), 

the second isomorphism follows from Lemma 4.2.2. Q.E.D. 

Proposition 4.2.4. Let be a holonomic ^x -module with regular normal 
form along D. Then, locally on X, 

~ ~ m D^(^^). 

Proof. Let us keep the notations of Definition 4.1.2. We may assume that 

r 

.if = P^x !Since := H is a locally invertible section of the 

i=\ 

result follows from 


{zidi - \i)z^ = z^Zidi. 


Q.E.D. 


4.3 Regular Riemann-Hilbert correspondence 

We shall first prove the regularity theorem for regular holonomic D-modules, 
namely, any solution of such a D-module is tempered. 

Theorem 4.3.1. Let G Then there are isomorphisms: 

(4.3.1) Vn^xi-^) ^ VTlxi^) m D'^(ICx), 

(4.3.2) SoRxi^) ^ Solxi^) m D'’(ICx). 
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4.3 Regular Riemann-Hilbert correspondence 


Proof, (i) Note that, thanks to (3.1.1), the isomorphism in (4.3.2) is eqniva- 
lent to the isomorphism in (4.3.1) for We shall only prove (4.3.1). 

(ii) We shall apply Lemma 4.1.4. Denote by Px{^) the statement which 
asserts that the morphism in (4.3.1) is an isomorphism. 

(a)-(d) of this lemma are clearly satished. 

(e) follows from isomorphism (3.1.9) in Corollary 3.1.6 and its non-tempered 
version, isomorphism (1.2.5) in Theorem 1.2.1. 

(f) Let us check property (f). Let ^ be a holonomic ^x-module with regular 
normal form along a normal crossing divisor D. 

We want to prove the isomorphism V7V'x{^) axPd^xi^)- Since 
Rzu^'DTZ^~{.y^-^) VTZxi^) by Lemma 4.2.3 and since Rzu^ commutes 
with a, we are reduced to prove the isomorphism 

This is a local problem on X and we may apply Proposition 4.2.4. Hence it 
is enough to show 

which follows from 

This completes the proof of property (f). Q.E.D. 

The following theorem is a generalized form of the Riemann-Hilbert cor¬ 
respondence for regular holonomic D-modules (see Remark 4.3.3). 

Theorem 4.3.2 (Generalized regular Riemann-Hilbert correspondence). Let 
.M G D^j^(^x)- There is an isomorphism functorial in .M 

(4.3.3) RJhom{SoRx{Ji),eff) %n D^(I^x). 

Proof, (i) The morphism in (4.3.3) is obtained by adjunction from the com¬ 
position of the morphisms 

(4.3.4) d 0 RjLhom^^{.y^, ^x) -)■ ^x ^x- 

(ii) We shall apply Lemma 4.1.4. Denote by Px{^) the statement which 
asserts that the morphism in (4.3.3) is an isomorphism. 
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4.3 Regular Riemann-Hilbert correspondence 


Properties (a)-(d) of this lemma are clearly satisfied. 

(e) By Corollary 3.1.7, we have 

(4.3.5) 

On the other hand we have 

5o/^(D/*^) ~ RfuSoRxi^)[dx - dy] 
by (3.1.1), (3.1.9) and Theorem 1.2.2 (i). Hence we have 
Rj^hom Gy) 

~ Ryhom {Rf\\Solxi-y^)[dx — dy], Gy) 

~ Rf^RJ^hom {Solx[.J^)[dx — dy], /' Gy^. 

By (3.1.3), we have 

f- Gy Cri 3)y4^X Gx [dx — dy]. 

Hence we have 

R^hom (5o/^(D/*.^), G^) 

~ R/*R<yhom(iSo/^(.^), 3)y^x ^x) 

~ Rf^[^y^x RJ^hom{Solx[x^), ^x)) 

~ D/* RJ^hom (Solxi-y^), ^x)- 

Combining with (4.3.5), we hnally obtain 

~ Df^,R^hom{Solx{-^),Gx) 

~ R^hom {Soly (D/*./#) , Gy). 

Here the second isomorphism follows from Px{^). 

(f) Let us check property (f) for (4.3.3). Hence, we assume that ^ has 
regular normal form along D. 
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4.3 Regular Riemann-Hilbert correspondence 


By Lemmas 4.1.3 and 3.2.1 we have 


Rj^hom 


~ Rj^hom (Solx{-y^) <8)Cx\d, ^x) 

~ Rj^hom [Solx{^), RJ^hom{Cx\D, ^x)) 
~ R^hom {Solx{-y^), Rzu^^~) 

~ RciJ* Rj^hom {vj~^Solx (^), 


Here the last isomorphism follows from 


Cji>o®'cu Solx{-y^) 



On the other-hand, we have 



Hence it is enongh to show that 


(4.3.6) R^hom &\) 

is an isomorphism. Note that this morphism is obtained from a similar 
morphism to (4.3.4) by adjunction. By Proposition 4.2.4, is locally 
isomorphic to A^. Then — Cj^, and it is obvious that (4.3.6) is 

an isomorphism. 

Q.E.D. 


Remark 4.3.3. Isomorphism (4.3.1) already appeared in [Ka84]. Isomor¬ 
phism (4.3.3) (with a different formulation) is essentially due to Bjork [Bj93, 
Th. 7.9.11]. 

Applying the functor ax to isomorphism (4.3.3), we get the Riemann- 
Hilbert correspondence for regular holonomic D-modules: 
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4.3 Regular Riemann-Hilbert correspondence 


Corollary 4.3.4 (Regular Riemann-Hilbert correspondence [Ka80]). Let 
G L)\{S>x)- There is an isomorphism in D’^(^x) : 

(4.3.7) ~ RJ^omjj.^(iSo/x(‘-^), ^x)- 

Corollary 4.3.5. Let .M G D^j^(^x) o-nd let S£ G D'^(^x)- Then isomor¬ 
phism (4.3.3) induces the isomorphism 

(4.3.8) d .^) ~ Rj^hom (5o/l(.^), R>77*(^)). 

Proof. We have 




f D L 

~ (H^ (g) .jT) 0^^ Jf 
~ Rj^hom {Solx{.JL)^ H]^) 0^^ 


~ RJ^hom (SolX (^), 0^^ ^)- 

Here, the last isomorphism follows from Theorem 2.3.6, using the fact that 
SoP{J^) ^ Sol{.y^). Q.E.D. 

As an application of isomorphism (4.3.2), we get: 

Corollary 4.3.6. Let .JL G Dj?[^(^x) o-nd let F G Dg_^(Cx)- Then we have 
the natural isomorphism 

RJifom^^ (./#, RJifom^^^ {F, ^x)) R^om^^ (./#, R=4^om {F, ffx))- 

Let M be a real analytic manifold and X a complexihcation of M. Choos¬ 
ing for F the object D(^Cm, we get the isomorphism between the complexes 
of distribution solutions and hyperfunction solutions of 


RJifom,VbM) RJ^om, P§m)- 

Remark 4.3.7. Of course, isomorphism (4.3.3) is no more true if one re¬ 
places with Gx- For example, choosing = ^x(*L") for Y a closed 

hypersurface, the left-hand is the sheaf of meromorphic functions with poles 
on Y and the right-hand side the sheaf of holomorphic functions with possibly 
essential singularities on Y. 
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4.4 Integral transforms with regular kernels 


4.4 Integral transforms with regular kernels 

Consider morphisms of complex manifolds 


X 




V. 


Notation 4.4.1. (i) For e D^(^x) and E one sets 

(4.4.1) 

(ii) For L E □'’(IC^), F E D'’(ICx) and G E D^(ICy) one sets 

LoG-=Rfu{L®g-^G), 

= LoG, ^l{F) = Rg,R^hom{LJ-F). 


Note that we have a pair of adjoint fnnctors 
(4.4.2) <Fi: D*’(ICy) — □'’(IC^): 


Theorem 4.4.2. Let E Dq_good('^^)^ ^ ^ ctnd set L := 

Sols{^)- Assume that f~^ Supp{^) fl Snpp(=2’) is proper over Y and that 
S£ is good. Then there is a natural isomorphism in D’’(ICy): 


(4.4.3) ^L(P7^^(.^)) [dx - ds] ~ VF}y{J^^TY). 


Note that any regnlar holonomic ^-modnle is good. 
Proof. Applying Corollaries 3.1.2, 3.1.6 and 4.3.5, we get: 




= Vn\.(Dg,(Df*^®.^)) 

~ Rg,Vn^s{Df*.y£^^) 

~ R^*RJ^/mm(5o/^(.if),P7^*5(D/*.^)) 
~ R^f*Rj^hom (L, /' T>TZ\{.J^)) [dx — 

= '4’L{Vn^x{-^))[dx-ds]. 


Q.E.D. 
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4.5 Irregular D-modules: an example 


By applying the functor RHoni(G', •) with G G D'’(ICy) to both sides 
of (4.4.3), one gets 

Corollary 4.4.3 ([KSOl, Th. 7.4.13]). Let G let G 

a,nd let L := Sols{^)- Assume that Supp(./#) fl Supp(=2’) is 
proper over Y and that is good. Let G G D'’(ICy). Then one has the 
isomorphism 

(4.4.4) RHoniic^ {L o G, [dx - ds] 

~ RHonijCy {G,VnX{^o.^)). 

Note that a similar formula holds when replacing and with their 
non tempered versions and Gy (and indsheaves with usual sheaves), 
but the hypotheses are different. Essentially, ^ has to be coherent, / non 
characteristic for and has to be transversal to the holonomic 

module LG. On the other hand, we do not need the regularity assumption 
on LG . See [DS96] for such a non tempered formula (in a more particular 
setting). 

However, if one removes the hypothesis that the holonomic module LG is 
regular in Theorem 4.4.2, formula (4.4.3) does not hold anymore and we have 
to replace with its enhanced version, as we shall see in the next sections. 

4.5 Irregular D-modules : an example 

In this subsection we recall an example treated in [KS03] which emphasizes 
the role of the sheaf in the study of irregular holonomic D-modules. 

Let X = C endowed with the holomorphic coordinate . 2 . Dehne 

U = X \ {0}, j: U ^ X the open embedding. 

Consider the differential operator P = + 1 and the ^x-module := 

^xexp(l/z) ~ ^x/SixP- 

Notice hrst that is concentrated in degree 0 (since dimX = 1 ) 
and it is a sub-indsheaf of Gx- Therefore the morphism H^{SolX{LL)) —)■ 
H^{Solx{LG)) ~ C ;7 is a monomorphism. It follows that for R C X \ {0} 
a connected open subset, V{y]H^SoP{.yLL)) 7 ^ 0 if and only if R C t/ and 
exp{l/z)\v is tempered. 

Denote by Rg the closed ball with center {e, 0) and radius e and set 
U, = X\B, = {zeC\ {0}; Re(l/z) < 
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One proves that exp(l/; 2 ) is tempered (in a neighborhood of 0) on an open 
subanalytic subset ^ C X \ {0} if and only if Re(l/ 2 :) is bounded on V, that 
is, if and only if O C f4 for some e > 0. We get the isomorphism 

(4.5.1) Sol\^) ® Cf/ ~ “Ih^” Cu^. 

£>0 

Note that Sol^(Jf) <S)Cu is concentrated in degree 0. 

Since Sol^{^) ~ P7^*(ro=Sf) and ~ D=Sf(*{0}), we get that 

Sol\^) ~ RJ^hom{£u,Sol\^)) ~ RJ^hom{Cu^Sol\^) ®€u)- 

Therefore, 

Sol\^) ~ RJ^homiCu, “Ih^” C^/J, 

£>0 

H^{Sol\^)) ~ “liD^” Cf/^, 

£>0 

H\Sol\^)) ~ “Ih^” Sxt\CuXu.) ^ C{o}, 

£>0 

Sol{^) ~ axSol\^) ~ RJ^om{Cu,Cu), 

H%Sol{^)) ~ Cu, H\Sol{^)) ~ C{o}. 

The functor SoR is not fully faithful since the ^x-modules ^xexp(l/ 2 ;) 
and ^xexp( 2 /; 2 ) have the same indsheaves of tempered holomorphic solu¬ 
tions although they are not isomorphic. 

However, Sol^{^x exp{l/z)) 9 ^ SolxiS’x exp{l/z'^)) for any m > 1. 
Hence, the functor SoR is sensitive enough to distinguish m G Z>o 
in ^xexp( 2 :“™) but it is not sensitive enough to distinguish c G M>o in 
exp(c 2 ;“^). 

In order to capture c, we need to work in the framework of enhanced 
indsheaves, which we are going to explain in the next sections. 

5 Indsheaves on bordered spaces 

5.1 Bordered spaces 

Definition 5.1.1. The category of bordered spaces is the category whose ob¬ 
jects are pairs (M, M) with M G M a,n open embedding of good topological 


56 



5.1 Bordered spaces 


spaces. Morphisms /: {M,M) —)■ {N,N) are continuous maps f:M^N 
such that 

(5.1.1) rj —)■ M is proper. 

Here Tj G M x N is the graph of / an Fj is its closure in M x iV. 

The composition of (L, L) A (M, M) A (A^, N) is given hj f o g: L ^ N 
(see Lemma 5.1.2 below), and the identity id^-^jg^^ is given by idM- 

Lemma 5.1.2. Let /: (M, M) —)■ {N,N) and g: {L,L) —)■ (M, M) be mor¬ 
phisms of bordered spaees. Then the composition f o g is a morphism of 
bordered spaces. 

One shall identify a space M and the bordered space (M, M). Then, by 
using the identifications M = (M, M) and M = (M,M), there are natural 
morphisms of bordered spaces 

M ^ (M, M) ^ M. 

Note however that (M, M) —)■ M is a morphism of bordered spaces if and 
only if M is a closed subset of M. 

We can easily see that the category of bordered spaces admits products: 

(5.1.2) {M,M) X {N,N) cx {M X N,M X N). 

Let (M, M) be a bordered space. Denote by i: M \ M —)■ M the closed 
embedding. By identifying D'^(k^,^^) with its essential image in D’’(k^ )by 
the fully faithful functor Rh ~ RR, the restriction functor F F\m induces 
an equivalence 

D'’(k^)/D'^(k^^^) ^ D'’(kM). 

This is no longer true for indsheaves. Therefore one sets 

where D'’(Ik^,^^) is identified with its essential image in D’^(Ik^) by Rin ~ 
RR, as for usual sheaves. 

Recall that if iT is a triangulated category and ^ a subcategory, one 
denotes by and the left and right orthogonal to in ^ respectively: 

:= {A E ^ \ Hom^(H, R) = 0 for any B E , 

:= {H G ST \ Hom^(R, H) = 0 for any B E . 
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5.2 Operations 


Proposition 5.1.3. Let (M, M) be a bordered space. Then we have 

= {FGD^Ik^);kM®F^O} 

= {Fg D^(Ik^);Rj^/iom(kM,F) ^0}, 

= {FGD^Ik^);kM®F^F}, 

= {FGD"(Ikx^);F^R^/iom(kM,F)}. 
Moreover, there are equivalences 

^ -"D»(Ikjy^„), r.^kM®F, 

with quasi-inverse induced by the quotient functor. 

Corollary 5.1.4. For F,G G D'^(Ik^) one has 

^ )(F,G) ~ HomDb(ik„)(kM 0i^,G) 

~ Hompb(jj^_^(F, Rj^hom {kM, G)). 

The functors 0 and RJ^hom in D’^(Ikjg) induce well defined functors (we 
keep the same notations) 

0 . D (Ikj-^jg^) X D (Ikj-^jgP —)■ D (Ikj-^jQr^), 

R^hom ; x ^ D"(Ik(^^^)). 

5.2 Operations 

Let /: (M, M) —)■ {N, N) be a morphism of bordered spaces, and recall that 
r f denotes the graph of the associated map /: M ^ N. Since T/ is closed 
in M X A^, it is locally closed in M x iV. One can then consider the sheaf kr^ 
on M X TV. Let gi: M x TV —)■ M and q 2 : M x N ^ N he the projections. 

Definition 5.2.1. Let /: (M, M) —)■ {N,N) be a morphism of bordered 
spaces. For F G D'^(Ik^) and G G D'^(Ikj^), we set 

RfnF = Rq2n(krj. <R)qf^F), 

R/*F = R( 3 ' 2 * RJ^hom (kp^ 
f-^G = Rqi^i^Tf <^qf^G), 

f'G = Rqi^Ryhom(k'pj.,q2G). 




5.2 Operations 


Remark 5.2.2. Considering^a continuous map /: M ^ N as a morphism of 
bordered spaces with M = M and N = N, the above functors are isomorphic 
to the usual external operations for indsheaves. 

Lemma 5.2.3. The above definition induces well-defined functors 

R/„,R/.: D»(Ik,„ jj,)^D»(Ik, 
f-\f' ■. D»(Ik|^^|) ^ D-(Ik,„jj,), 

Lemma 5.2.4. Let Jm'- {M,M) M be the morphism given by the open 
embedding M C M. Then 

(i) The functors jfil — Jm • —)■ □'’(Ikj,^ are isomorphic to the 

quotient functor. 

(ii) For F G D'^(Ik^) one has the isomorphisms in D'^(Ikjg) 

R-Jm wJm F ~ kA^ (g) F, R - ^^hom (kA^, F). 

(iii) The functors ® and RJ^hom commute with ~ . 

(iv) The functor ® commutes with RjM\\ and the functor R^hom commutes 
with Rjm*- 

The operations for indsheaves on bordered spaces satisfy similar proper¬ 
ties as for usual spaces. 

Lemma 5.2.5. Let f: {M,M) —)■ {N,N) and g-. {L,L) —)■ (M, M) be mor- 
phisms of bordered spaces. 

(i) The functor R/n is left adjoint to f'. 

(ii) The functor f~^ is left adjoint to R/*. 

(iii) One has R{f O g),, ~ R/,, o Rg„^ R{f o g)^ ~ R/* o Rg^, (/ o g)-^ ~ 
g-^ o /-I and{f og)' g- of'. 

Corollary 5.2.6. ///: (M, M) —)■ {N,N) is an isomorphism of bordered 
spaces, then R/* ~ R/n and f~^ — /' • Moreover, R/* and f~^ are quasi¬ 
inverse to each other. 
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5.2 Operations 


Most of the formulas for indsheaves on usual spaces extend to bordered 
spaces. 

Proposition 5.2.7. Let f: (M, M) —)■ {N,N) be a morphism of bordered 
spaces. For F G and G,Gi,G 2 G D'^(Ik|.^ one has isomor¬ 

phisms 

Rfv.{f~^G®F) ~ G^R/hF, 

R^hom (G, R/*F) ~ Rf^RJ^hom (/"^G, F), 

R^hom (R/iiF, G) ~ Rf, R^hom (F, /' G), 
f- Ryhom{Gi,G2) ^ Ryhom{f-^Gij'G2), 

and a morphism 

/-^R^hom(Gi,G2) ^ R^hom(/-iGi,/-^G2). 

Lemma 5.2.8. Consider a Cartesian diagram in the category of bordered 
spaces 

(M', M') {N\ N') 

g' □ 9 

N). 

Then there are isomorphisms of functors D'^(Ik^^, —)> D'^(Ik^^jy^) 

g-^Rfn-RfW~\ g'Rf* ^Rf'J'. 

The notion of proper morphisms of topological spaces is extended to the 

case of bordered spaces as follows. 

Definition 5.2.9. The morphism of bordered spaces /: (M, M) —)■ {N,N) 
is proper if the following two conditions hold: 

(a) /: M —)■ TV is proper, 

(b) the projection Tj —)■ iV is proper. 

Lemma 5.2.10. The map f: (M, M) —)■ {N, N) is proper if and only if the 
following two conditions hold: 
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(a) TfXf^NGTf. 

(b) the projection Tf ^ N is proper. 

Proposition 5.2.11. Assume that f: (M, M) —)■ {N,N) is proper. Then 
R/i! ^ R/* as funetors 

6 Enhanced indsheaves 

In this section, extracted from [DK13], one extends some constructions of 
Tamarkin [Ta08] to indsheaves on bordered spaces. We refer to [GS12] for a 
detailed exposition and some complements to Tamarkin’s paper. 

6.1 Tamarkin’s construction 

Let M be a smooth manifold and denote by T*M its cotangent bundle. 
Given F e D'^(kA^), its microsupport SS{F) C T*M (see [KS90]) describes 
the codirections of non propagation for the cohomology of F. It is a closed 
conic co-isotropic subset of T*M. 

In order to treat co-isotropic subsets of T*M which are not necessarily 
conic, Tamarkin adds a real variable t G M. Denoting by (t, t*) the symplectic 
coordinates of r*M, consider the full subcategory D^*<Q(kMxK) C D^(kArxR) 
whose objects K satisfy SS{K) C {t* < 0}. There are equivalences 

''"D^*<o(kMxR) — D'^(kMxR)/D^*<o(kMxR) — Dt’*<o(kArxR)“'“ 

between the quotient category and the left and right orthogonal categories. 
Let us recall the description of the hrst equivalence. 

For K,L E D’^(kMxR), consider the convolution functor with respect to 
the t variable 

K ® L-.= Rp!(g]“^iF 0 <l2^L)t 

where p, qi;q 2 : Mx'RxM. are given by fi{x, ti, ^ 2 ) = {x, ti-f ^ 2 ), Qiix, ti, ^ 2 ) = 
{x,ti) and q 2 {x,ti,t 2 ) = (x,^)- 
One sets 

(6.1.1) k{t>0} = t>0}5 

and we use similar notation for kp=o}- These are sheaves on M x M. 
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6.2 Convolution products 


Note that k{t=o} ^ K K. Then 

= {K G □’’(Icmxr); k{t>o} 0 -/^ ~ 0 }, 
^D^>.<o(kMxR) = {ir G D'^(kMxR);k{t>o}0ir ^i^}, 
and one has an equivalence 

D*’(kMxR)/Di»<o(kMxR) ''‘Di.<o(kMxR), K H-)■ k{t>0} 0 K. 

We will adapt this construction to the case of indsheaves and a good topo¬ 
logical space M in the sequel. 

6.2 Convolution products 

Consider the 2-point compactihcation of the real line M := M U {-|-cxd, —cxd}. 
Denote by P^(M) = MU {cxd} the real projective line. Then M has a structure 
of subanalytic space such that the natural map M —)■ P^ (M) is a subanalytic 
map. 

Notation 6.2.1. We will consider the bordered space 



Note that Moo is isomorphic to (M, P^(M)) as a bordered space. 

Consider the morphisms of bordered spaces 

(6.2.1) a: Mqo —>■ Moo, 

h"? Q‘2 • 1^00 ^ Moo t Moo, 

where a{t) = —f, fj,(ti,t2) = h + t2 and qi, q2 are the natural projections. 

For a good topological space M, we will use the same notations for the 
associated morphisms 

a: M X Moo — )■ M x Moo, 

/i, gi, g2: M X Moo X Moo -)■ M X ^oo- 
We also use the natural morphisms 

M X Moo- - -^ M X 1 

( 6 . 2 . 2 ) 

M. 
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6.2 Convolution products 


Notation 6.2.2. We sometimes write □'’(k^xR^o) D'^(kMxR) regarded 
as a full subcategory □'’(Ik^xRoo)- 

Definition 6.2.3. The functors 

0: D'^(IkMxRoo) X D^(IkA4-xRoo) D'^(IkMxRoo)5 
J^hom^: D (IkMxRoo)°^ ^ D^(IkMxRoo) D^(IkMxRoo)) 

are defined by 


Ki^ K2 = Rpn(qi ^Ki 0 ^2 ^-^ 2 ), 

J^hom~^{Ki, K2) = Rqi^RJ^hom{q 2 ^Ki, p' K2). 

Although we work now on M x M, we keep the same notations as in (6.1.1) 
and one sets 

(6-2.3) k{i>o} = ^{{x,t)eMxM.;teR, t>o}- 

We use similar notation for kp=o}, kp>o}, k{t<o}, kp<o}, kp^o} and ^i=a}, 
etc. These are sheaves on M x R whose stalk vanishes at points of M x (R\R). 
We also regard them as objects of D^(IkMxRtx))- 

Lemma 6.2.4. For K G □'’(Ik^xRoo) there are isomorphisms 

kp=o} 0 A' ~ A' ~ J^hom'^ (h{t= 0},K). 

More generally, for a G R, we have 

kp=a} 0 K ~ Rfia^K ~ J^hom'^{'k{t=-a}, K), 

where yia'- M x ®oo —)■ M x Rqo is the morphism induced by the translation 
t t + a. 

Corollary 6.2.5. The category □'’(Ik^xRoo) has a structure of commutative 
+ 

tensor category with 0 as tensor product and kp=o} os unit object. 

As seen in (6.2.4) below, the functor ^hom'^ is the inner horn of the 
tensor category D'^(IkMxRoo)- 
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6.2 Convolution products 


Lemma 6.2.6. For Ki, K 2 , G D'^(IkA^xRoo) has 
(6.2.4) 

J^hom+{K2,K3)), 

J^hom^{Ki®K2, K3) ~ Mom+{Ki, ^hom+{K2, K^)), 

'R%^'RJ^hom{Ki® K 2 , K^) ~ 'Rn^^KJ^homlKi, J^om'^{K2, K^)). 

The following lemmas are used to define the category of enhanced ind- 
sheaves. 

Lemma 6.2.7. For Ki, K 2 G □’^(IIca^xRoo) o.nd L G one has 

tt~^L (g) {Ki (g) K 2 ) ~ (g) Ki) 0 K 2 , 

Ryhom {7r~^L, J^hom~^{Ki, K 2 )) — J^hom~^{7r~^L 0 Ki, K 2 ) 

~ J^hom'^{Ki, R^hom{n~^L,K2)). 

Lemma 6.2.8. For K G □'^(Ik^xRoo) ^ D'^(IkM) one has 

n~^L 0 ~ 0 k{i=o}) ® K, 

Rj^hom {'k~^L, K) ~ ^hcmrC{'K~^L 0 k{t=o}, K), 
a~^R^hom{K,T[' L) ~ ^honC{K® L). 

Here a is the involution of M x Rqo given by {x,t) i-G- {x, —t). 

Lemma 6.2.9. For Ki, K 2 G □'^(Ik^xRoo) there are isomorphisms 

R7r!!(i^l ® K 2 ) ~ RtI\\Ki 0R7r!!i^2, 

RTT^:J^hom'^{Ki, K 2 ) — Rd^hom (RttiiR'i, R7r*R'2)- 

Corollary 6.2.10. For any K G □’’(Ik^xRoo); one has 

R7rn(kt>o 0 TT) ~ 0, 

Rtt* (kf > 0 , K)cx0. 
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6.3 Enhanced indsheaves 


Lemma 6.2.11. For K G □'^(Ik^xMoo) L G □'^(ILm) one has 

(g) ~ 7r“^(L 0 RttwK), 

J^hom'^ {7r~^L, K) ~7r' RJ^/iom (L, 

J^hom~^{K,7r' L) ~ tt' RJ^/iom (Rtth-R, L). 

Proposition 6.2.12. For K G □’’(Ik^xRoo); has a distinguished triangle 
tt~^L —> kp>o} 0 -R —)■ (kp>o}, R) 

with L = R7r*(kp>o} 0 R) ~ Rttii J^/iom’''(kp>o}, R). 

6.3 Enhanced indsheaves 

Definition 6.3.1. Consider the full triangulated subcategories of □'’(IkMxRoo) 

ICi.<o = {R;kp>o} 0 R ~ 0} 

= {R; J^/iom+(kp>o}, R) ~ 0}, 

ICt«>o = {R;kp<o}0R~ 0} 

= {R; J^hom+(kp<o}, R) ~ 0}, 
iCi»=o = iCi»<o n iCi»>o. 

Consider also the corresponding quotient categories 

Ei(IkM) = IC±i*>o/ICi*=o, 

E"(IkM) = D"(IkMxR^)/ICi*=o. 

They are triangulated categories. One calls E'’(IkM) the triangulated cat¬ 
egory of enhanced indsheaves. One defines similarly the categories E(Ikivf), 
E+(IkM) and E-(IkM). 

Notice that 

ICt*=o = {Rg D"(IkMxR^);7r-iR7r*R^R} 

= {Rg D^(IkMxR^);R^7r'R7rnR} 

= {R G □'’(IkMxRoo) ; ~ '7T~^L for some L G □’"(IkM)} • 
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6.3 Enhanced indsheaves 


Therefore, 

(6.3.1) E'^(IkM) ^ D^(IkMxR»)/{i^ G D^(IkMxR^); TT-^Rir.K ^ K}. 
One also defines the category E^(kA^) as 

(6.3.2) E'^(kM) = □'’(Emxr)/ {K ; 7r-'R7r,ir ^ K} . 

Then E'^(kM) is a full subcategory of E'^(Ik;^f). 

Proposition 6.3.2. There are equivalences of triangulated categories 
E^(IkM) ^ D"(IkMxR^)/IC±t*<o, 
E"(IkM)^E^(Ik;vr)eE^(IkM). 


This follows from Proposition 6.3.4 below. 

Remark 6.3.3. The categories E’).(IkM) are the analogue of Tamarkin’s 
construction in the framework of indsheaves. 

Proposition 6.3.4. One has 

^IC±i*<o = {i^;k{±t>o}SiP^iP} = {iP;k{±t>o}®iP~0}, 
ICi,*<o = J^hom+(k|±i>o},iP)} 

= {K; J^/iom+(k{±t>o}, K) - 0}, 




ICi.=o 


{K; (kp>o} © kp<o}) ® K K} 

{K; kjuxR ® iP ~ 0} = {iP; RvrniP ~ 0}, 


IC,-^=o = (kp>o} © kp<o}, iP) 


= {K] J^hom^ikMxR, iP) ~ 0} = {iP; Rvr^iP ~ 0}, 




ICi.=o — 




ICt*>o © ICt*<0! 

IC^ 




Moreover, one has the equivalences 


E^(IkM) 

^ ^IC±t*<0: 

, K 1—)■ k{±i>o} © K, 

E^(IkM) 

TP-*- 

K I-)- J^hom+(k{±t>o},iP), 

E"(IkM) 

^ ^ICi*=o, 

K 1—)■ (kp>o} © kp<o}) © K, 

E"(IkM) 

^ ICi^=o, 

K ^ (kp>o} © kp<o} 


where the quasi-inverse functors are given by the quotient functors. 
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6.3 Enhanced indsheaves 


These categories are illustrated as follows: 



Here, A—c^B or A B means that C ~ BjA. 

O 

Definition 6.3.5. One introduces the functors 


— (k{t>o} © k{t<o}) © (•), E'^(IkM) — t ■'■ICt*=o © D'^(IkA4'xRoo)) 

= J^hom+(k{*>o}®k{,<o}, •), E"(IkM) ^ IC,-^=o C D'^(IkMxR^). 

The functors and are the left and right adjoint of the quotient 
functor □’’(Ik^xRoo) E'’(IkM), and the two compositions 


E'^(IkM) D"(IkMxR^) -- E"(IkM) 

RE 

are isomorphic to the identity. 

Definition 6.3.6. One dehnes the horn functor 

(6.3.3) Jhom^-. E^(IkM)°’’ x E^(IkM) ^ D+(IkM) 

J^hom^{Ki,K2) = R7r*Rj^hom(L^(R:i),R^(R:2)), 

and one sets 

(6.3.4) = aMO ^hom^ : E*’(IkM)°P x E^(IkM) ^ D+(kM), 

(6.3.5) RHom^(R:i, K 2 ) = Rr(M; K 2 )) G D*’(k). 
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6.4 Operations on enhanced indsheaves 


Note that 

J^hom^{Ki,K2) ~ RTr^RJ^hom{L^{Ki),L^{K2)) 

~ RTi.Rj^hom {R^{Ki), R^(/s:2)) 

and 

^ H%RRom^{K,,K2)). 

6.4 Operations on enhanced indsheaves 

By Lemma 6.2.11 the following definition is well posed. 

Definition 6.4.1. The bifnnctors 

®:E"(IkM)xE"(IkM)^E‘’(IkM), 

J^hom^: E-(IkM)°'’ X E+(IkM) ^ E+(IkM) 

are those induced by the bifnnctors ® and J^hom'^ dehned on □'^(Ik^xRoo)- 
For any K G E^(Ikjvf) there is an isomorphism in E^(Ikjvf) 

kp>o} (kp>o}, K), 

which follows from Proposition 6.2.12. 

The bifunctor (g) gives E’’(IkM) a structure of a commutative tensor cat¬ 
egory with kp=o} as a unit object. Note that 

L^(kp=o}) — kt>o 0 kt<o, 

R^(kp=o}) - kt<o[l] 0kt>o[l]. 

Moreover, ^hom^ is the inner horn of the tensor category E’^(IkM): 
Lemma 6.4.2. For Ki, K 2 , G E'’(IkAr) there is an isomorphism 

0 K 2 , K 3 ) ~ Homp.+(jj^^)(R:i, yhom^{K 2 , K 3 )). 
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6.4 Operations on enhanced indsheaves 


We have the following orthogonal relations: 

E^(IkM)l)E^(IkM)^0, 

J^hom+(E^(IkM),E^(IkM)) ^ 0. 

Definition 6.4.3. By Lemma 6.2.11 one gets functors 

7r-'( •) ® (•): D"(IkM) X E"(IkM) ^ E"(IkM), 

Rj^hom •): D-(IkM)°P X E+(IkM) ^ E+(IkM). 

Remark 6.4.4. The functor <8) does not factor through E'’(IkM) x E'’(IkM), 
and the functor Rj^hom does not factor through E^(Ikjvf)°'’ x E'’(IkM). 

Let /: M —)■ be a continuous map of good topological spaces. Denote 
by /: M X Mqo —)■ iV x Mqo the associated morphism of bordered spaces. Then 
the composition of functors 

(6.4.1) Rfu, R/*: D'^(IkMxR^) ^ □'’(Ik^vxR^) ^ E'’(Ik^), 

(6.4.2) f-\ p : D'^(Ik^xR^) ^ D^IkMxR^) ^ E'’(IkM), 
factor through E’’(IkM) and E'’(Ik^r), respectively. 

Definition 6.4.5. One denotes by 

E/n,E/,:E'’(IkM)^E'’(Ik^), 

the functors induced by (6.4.1) and (6.4.2), respectively. 

Definition 6.4.6. For K G E’’(IkM) and L G E^(Ik 7 v), we dehne their 
external tensor product by 

K^L = EppK ® EppL G E'’(IkMxiv), 

where pi and p 2 denote the projections from MxN to M and N, respectively. 
Using Dehnition 6.3.5, for F G E'^(IkM) and G G E^(IkAr) one has 
EfuF ~ R/!!L^(F) ~ R/!,R^(F), 

E/,F ~ R/*L'^(F) ~ R/*R^(F), 

E/-'G^/-'L^(G)^/-'R^(G), 

E/’G~ /’L^(G) ~ /'R^(G). 

The above operations satisfy analogous properties as the six operations 
for sheaves and indsheaves. 
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6.4 Operations on enhanced indsheaves 


Proposition 6.4.7. Let f: M ^ N be a continuous map of good topological 
spaces. 

(i) The functor Efw is left adjoint to E/\ 

(ii) The functor E/“^ is left adjoint to E/*. 

Proposition 6.4.8. Given two continuous maps of good topological spaces 
L M A- N, one has 


E(/ o ^)!! - E/i! o E^n, E(/ o g)^ ~ E/* o E^* 

and 

E(/ o g)-^ cs Eg-^ o Ef-\ E(/ o ^ E.?' o E/ 

Proposition 6.4.9. Let f: M ^ N be a continuous map of good topological 
spaces. For K G E'^(IkM) and L,Li,L 2 G E’’(IkAr); one has isomorphisms 

Efn{Ef-^L^K) ~L0E/nir, 

E/-i(Li ® L2) ~ E/-iLi S E/-%, 
yhom^{L,Ef,K) ~ Ef^^hom+{Ef-^L,K), 
J'hcmi^{Ef\\K,L) ~ Ef^jLhom~^{K,Ef'L), 
Ef'j^hom+{Li,L2) ~ JLhom^{Ef-^Li,Ef'L2), 

and a morphism 

E/-V/iom+(Li,L2) ^ Jhom^{Ef~^Li,Ef~^L2). 

Proposition 6.4.10. Consider a Cartesian diagram of good topological spaces 


M' 


Y ° 

M — 


N. 


Then there are isomorphisms in the category of functors from E'^(IkM) to 

E"(Ik^0- 

Eg-^Efn ^ Ef:,Eg'-\ Eg'Ef^ ^ Ef^Eg''-. 
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6.5 Stable objects 


Lemma 6.4.11. For f:M^N a morphism of good topological spaces, 
K G E’’(IkM) and L G E’’(Ik 7 v), one has 

Ef-L) ~ jeom^{Ef^AK, L), 
Rf^J^f’om^iEf-^L^K) ~ ^om^(L, Ef^K). 

Remark 6.4.12. Let /: M ^ N he a morphism of good topological spaces 
and Li,L 2 G E'^(IkAr). Since a and f' do not commute in general, the 
isomorphism f-J^om^{Li,L 2 ) ~ J^om^{Ef~^Li,Ef-L 2 ) does not hold in 
general. 

6.5 Stable objects 

The notion of stable object which will be introduced below is related to the 
notion of torsion object from [Ta08] (see also [GS12, §5]). 

Notation 6.5.1. Consider the indsheaves on M x R 

kp»o} := “lim” kp>a}, kp<*} := “lim” kp<„p 

a^+oo a—>-+oo 

We regard them as objects of □'’(Ik^xMoo)- 

There is a distinguished triangle in D^(IkA 4 -xRoo) 

kMxR —t kp^o} kp<;*}. [1] —> 

and there are isomorphisms in □’’(IkMxRoo) 

k{t>-a} C) k{t>o} kp>o} kp>a} ® kp3>o} (a G R>o)- 

Notation 6.5.2. Denote by kf^ the object of E’^(IkM) associated with 
kp»o} G □'"(IkA^xRoo)- More generally, for F G set 

F^:=kf,®7r-^FGE^(IkM). 

Note that 

L^(kM) - kp»o}, R’^(k^) ~ kp<*}[l]. 

Proposition 6.5.3. Let K G E!j.(IkM) {equivalently, K G E*’(IkM) and 
K ~ kp>o} (8) K). Then the following conditions are equivalent. 
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6.5 Stable objects 


(a) k{t>o} 0K ^ ® K for any a>0, 

(b) J^/iom+(k{i>„}, K) ^ J^hom'^ {k{t>o}, K) for any a>0, 

(c) k{t>o} 

(d) .yhom'^{kfj,K) ^ yhom'^{k{t>o},K), 

(e) K ~ k|f ® L for some L G E’’(IkM), 

(f) K ~ J^hom'^{k^, L) for some L G E’’(IkM)- 

Definition 6.5.4. A stable object is an object of E’^(Ikjvf) that satisfies the 
equivalent conditions in Proposition 6.5.3. 

Lemma 6.5.5. For F G □’’(k^xRoo) ^ ^ E’’(IkM), there is an isomor¬ 

phism in E’’(Ikjvr) 

k^ I) J^hom+(F, K) ^ jFhom^{F, k^®K). 

Corollary 6.5.6. For K G E'’(IkM) and F G D’’(kM), we have 

k^ 0 Rj^hom (7r“^F, K) ~ R^hom (vr'^F, k^ 0 K). 

Proposition 6.5.7. Let f: M ^ N be a continuous map of good topological 
spaces. Then the functors E/n, E/~^ and E/' send stable objects to stable 
objects. More precisely, we have. 

(i) For K G E'’(IkM) one has 

E/n(k|, 0 iP) ~ k^ 0 E/niP. 

(ii) For L G E'’(IkAr) one has 

E/-i(k^0L)^k^0E/-% 

E/'(k^0L)^k^0E/'L. 
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6.6 Constructible enhanced indsheaves 


Definition 6.5.8. One defines the functors 

(6.5.1) Cm,Cm: D’^(IkA^) —)■ E'^(IkA4-), 

eniF) = k|f (g) 7i~^F, cm^F) = k{t>o} O 7i~^F. 

Note that 

eM{F) ~ k^ ® eM(E). 

Proposition 6.5.9. The functors cm and cm are fully faithful. 

Definition 6.5.10. We define the duality functor 

D|,: E'^(IkM) ^ E'^(IkM)°P, K ^ J^hom+{K,u:l,), 
where := k|f 0 7r~^UM- 

The functor is related to the usual duality functor for sheaves by the 
formula: 

(6.5.2) D^(k^ 0 )F) ~ k^ in E’’(IkM), 

where F G □'^(k^xRoo) a is the involution of M x R given by {x,t) i—)■ 
(x, -t). 

6.6 Constructible enhanced indsheaves 

In this subsection, we assume that M is a subanalytic space. Recall the 
natural morphism of bordered spaces 

Jm - M X Roo —)■ M X R, 

and the category □'’(kj^xRoo) Notation 6.2.2. 

Definition 6.6.1. One denotes by DR_(,(kA^xRoo) the full subcategory of 
□’’(k^xRoo) whose objects F are such that RjM\F is R-constructible. 

We regard D^_^(kMxRoo) as a full subcategory of □'’(Ik^xRoo)- 

Definition 6.6.2. One says that an object K G E’^(IkAr) is M.-constructible 
if for any relatively compact subanalytic open subset U <Z M there exists an 
isomorphism 

7r"^k[7 0 R' ~ k|f 0 F for some F G ^u-cO^mxRoo)- 

One denotes by E^ ,,(IkM) the full subcategory of E’^(IkA 4 -) consisting of R- 
constructible objects. 
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6.6 Constructible enhanced indsheaves 


Clearly, M-constructible objects of E'^(IkM) are stable. One proves that: 

Theorem 6.6.3. 

(i) The category E^_^(IkA^) is triangulated. 

(ii) The property for K G E’’(IkA^) of being M.-constructible is a local prop¬ 
erty over M. 

(ill) The functors ® and ^hom'^ when restricted to "K-constructible objects 
give M.-constructible objects. 

(iv) For K e Eb.,(IkM), e and Df, o D^K ~ K. 

(v) For K,, K, e Eb.,(IkM), Df,(^hom+(ifi, K^)) ~ ifi ® Df,if 2 . 

(vi) For K,,K 2 e E^_,(IkM), yhom^{K,,K,) ~ ./'hom^(Df,if 2 , Df,ifi) 

and K 2 ) ~ ^om^(Df^if 2 , Df^ifi). 

(vii) Let f: M ^ N be a morphism of subanalytic spaces. 

(a) If G & E^ ,,(IkAr), then and E/'G belong to E^_^(IkAr). 

(b) For if G E^_^(IkM); we have E/„if G Eb_^(IkA,) */Supp^(if) := 
7rM(Supp(RjM^R^if)) is proper over N. Here jM- M x Rqo 

M X M. is the inclusion and Wm : M x M —)■ M is the projection. 

Another link between classical M-constrnctible sheaves and enhanced M- 
constrnctible indsheaves is given by the following resnlt, which is new: 

Theorem 6.6.4. For F, G G Eg_^(IkM), the object J^om^{F,G) belongs to 
Proof. Since 

^om^{F, G) ~ (kjt>o}, J^hom'^{F, G)), 
it is enongh to show that 

Jfbm^(kp>o},F) G D^_^(kA^) 

for any F G E^ Now it follows from Corollary 6.6.6 below which is a 

conseqnence of the following proposition. Q.E.D. 
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6.6 Constructible enhanced indsheaves 


Proposition 6.6.5. For K G □'^(Ik^xRoo)? have 

(6.6.1) R7r*RJ^/iom(kp>o},kp>o} ® K) R7r*(kp>*} (^K). 

Here kp>*} := “li^” k{t>a} e I(kMxR<^)- 

a —oo 

Proof. We shall first show that 

//"-Rtt* RJ^hom (kjt>o}, kp^o} ® K) 

('5 5 2) - H^kl'K^Rj^hom{k{t>a},K) 

a — V—oo 

~ “Ih^” hr-R7r.(kp>,}®ir). 

a —oo 


The hrst isomorphism in (6.6.2) follows from 

//"Rvr* Rj^hom (kp>o}, kp>o} <8 K) 

~ “lim” hf^RTT* Rj^hom (kp>o}, kp>a} ® K) 

a —^+oo 

~ hf"'R7r*Rc//iom (kp>o}, =yhom’''(kp>_(j}, R')) 

a^oo 

~ “ lin^ ” hf"R7r*R,^hom(kp>_a},R'). 

a —)’+oo 


Here, isomorphism (a) follows from Proposition 6.2.12 and R7r!!(kp>o}) — 0. 

Let us next show the second isomorphism in (6.6.2). There is a sequence 
of morphisms 


“Ih^” H'”R7r,(kp>a} (8)R:) “Ih^” i7"R7r,R^hom(kp>„},R:) 

a — y—oo a —oo 

^ “Ih^” H'^RTl,{k{t>a-l} ® K) 

a —oo 

/7^R7r,Rj^hom(kp>„_ipR:). 

a —oo 


Since / 2/1 and / 3/2 are isomorphisms, /i is an isomorphism. 
Thus we have proved (6.6.2). 
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6.6 Constructible enhanced indsheaves 


Then (6.6.2) implies that 

hr”R7r*Rj^hom(kp>o}, kp>o} ® J'm- h/'^'Rvr* (kp>*} ®i^L) ~ 0 

for any n E Z \ { 0 } and any qnasi-injective L G I(kjy^xg). Here Jm - M x 
Moo —)■ M X M is the natnral morphism bordered spaces. Therefore, the 
fnnctor R7r*R^hom (kp>o}, kj^^o} isomorphic to the right derived 

fnnctor of hf^RTT* Rj%om (kjt>o}, kp^o} ® Jm *)• Similarly, R7r*(kp>*} ® 
•) is isomorphic to the right derived functor of (k{t>*} 0 •). 

Since if°R7r* RJ^hom (kp>o}, kp>o} ® J'm *) and if^Rvr*(kp>*} 0 are 

isomorphic by (6.6.2), we obtain the desired result. Q.E.D. 

Corollary 6.6.6. For any F G □’’(kMxKoo); have an isomorphism in 

D"(kM).- 

(6.6.3) jrom^(kp>o}, kf^ 0 F) ~ RT*(kMx(l\{-oo}) ® RjM^i^), 

where vf: M x M ^ M is the projection and jM-MxM^MxW is the 
inclusion. 

Proof. We have 

R7r*(k{t>^} 0 F) ~ 

— RtT^ 0 RjM*i^), 

where k{+oo>t>*} := “Ih^” k{+oo>t>a} - RjM*kp>*} G I(k^xl)- Hence we 

a —oo 

have 

Jifom^(k{t>o}, k^ 0 F) ~ aMd^hom^{k{t>o}, k^ 0 F) 

~ aMRT*(k{+oo>t>*} 0RjM*i^) 

— H7r*ajy^xl(k{+oo>t>*} 0 RjM*i^) 

- H^*(kMx(l\{-oo}) ®HjM*i^). 

Q.E.D. 
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6.7 Enhanced indsheaves with ring action 


6.7 Enhanced indsheaves with ring action 

Let ^ be a sheaf of k-algebras on M. For f = , b, , we define 
Dt(l(^-U)) - Dt(I(5r-M))/Dt(I((ir-M)|„„i^„)), 
where W: M x M —)■ M is the projection. Then we set 

Et(U) = Dt(I(7r-U))/ {K e Dt(I(7r-U)) ; K ~ tt-^L for some L G D*(U)}. 

We call objects of E'^(I^) enhanced indsheaves with ^-action. 

We can dehne also the functors 

: E'’(U°P) X E^{IA) ^ E-(IkM), 

: E'’(U)°P X E'’(U) ^ E+(IkM), 

which satisfy similar properties to 0 and J^hom'^. 

Similarly we can dehne 

0^ : E^(U°P) X D'^(^) ^ E-(IkM), 

RJ^om^ : D'^(^)°P x E^(U) ^ E-(IkM). 

If X is a complex manifold and A = we can dehne 

0 : E'^d^f) X D^(^x) ^ E-(I^x). 

7 Holonomic D-modules 

7.1 Exponential D-modules 

Let X be a complex analytic manifold, E C X a complex analytic hypersur¬ 
face and set U = X \ Y. For (p G one sets 

{P ; Pe^ = 0 on U} , 

C|.v = 

Hence ^x^"^ is a .^x-submodule of and ^xg"^ as well as 

holonomic .^x-modules. Note that isomorphic to i7x{*Y) as an 
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7.2 Enhanced tempered holomorphic functions 


(^x-module, and the connection ^ ^ *Y) is given by 

u du + udip. 

For c G M, set for short 

{Re (^ < c} := (x G [/; Re ^p{x) < c} C X. 

Notation 7.1.1. One sets 

^{Re (/?<*} • hn^ C{Reip<c} ^ 

C^ + OO 

^u\x (C[/, C{Re(/j<*}) ^ D’’(ICx)- 

For example, denoting by G C C P the affine coordinate of the complex 
projective line, one has 


{ C{Re 2 <*} forj = 0, 

C{oo} for j = 1, 

0 otherwise. 

The next resnlt (see [DK13, Prop. 6.2.2]) generalizes [KS03, Proposi¬ 
tion 7.3] in which the case X = C and ip{z) = 1 / 2 ; was treated (and recalled 
in § 4.5). 

Proposition 7.1.2. Let Y <Z X be a closed complex analytic hypersurface 
and set U = X \ Y. For ip G ^x( *Y), there is an isomorphism in D^(ICx) 

7.2 Enhanced tempered holomorphic functions 

Consider hrst a real analytic manifold M and the natural morphism of bor¬ 
dered spaces 

j: M X Moo M xF^ (M). 

Let f be a coordinate of Moo. 

Definition 7.2.1. One sets 1 ’ R’^mxpi(k) denotes by 

T’&Xf ^ D'^(ICmxKoo) the complex, concentrated in degree —1 and 0: 

('^•2-1) •= R’^MxRoo ^ R’^MxRoo- 
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7.2 Enhanced tempered holomorphic functions 


Note that = 0 for fc 7 ^ —1. 

Proposition 7.2.2. There are isomorphisms in D’’(ICmxRoo) 

^ jThom'^{€{t>o},Vh\j) 

^ jThom'^ {C{t>a}, T^Ki) for any a > 0 . 

Moreover, denoting byi:MxM—)-Mx Mqo the natnral morphism, one 
has the isomorphism L~^'Dhl^ ~ [ 1 ] and therefore: 

(7.2.2) j7hom^{C{t=o},Vblj) ~ Vb]^. 

Now let X be again a complex manifold. 

Definition 7.2.3. One sets 

We regard them as objects of E'^(I^x) and respectively. One calls 

the enhanced indsheaf of tempered holomorphic functions. 

Remark 7.2.4. When X = pt, we have VbJ^ ~ Cp<*}[l] (see Notation 6.5.1) 
as an object of D'’(ICr^) and object of E*’(ICx). 

Applying Proposition 7.2.2, we get 

Proposition 7.2.5. There are isomorphisms in E’’(I^x) 

^ ^hom+(Cp>o},^|) 

J^hom'^{Cp>a}j ^x) for any a > 0 . 

In particular, is a stable object in E’^(I^x). 

As a conseqnence of Proposition 7.2.5 and Proposition 6.5.3, we get the 
following resnlt. 

Corollary 7.2.6. There are isomorphisms in E’^(I^x) 

~ j^hom+{C%, Gl) ~ C| ® 
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7.3 Enhanced de Rham and Sol functors 


Then, using the isomorphisms 

~ ^hom^(C|0C|,^|) 

~ J^hom^{C{t=o} ® ^ 1 ) 

~ (Cp=o}, ^1) 

and (7.2.2), one gets the isomorphism in 
(7.2.3) ^hom^(C|, ^1) ~ ^1. 

7.3 Enhanced de Rham and Sol functors 

For ^ e D^{^x), set 

Sol%{^) := RJ^om, i^x)- 

We get functors 

P7^|: D"(^x)^E"(ICx), 

5o/|: D"(^x)°P^E"(ICx). 

Note that 

Soll{J^) ~ P7^|(rox^)[-dx] for e Dj?„h(^x). 

By (7.2.3), we have for any G D^{&x) 

VTZx-^ — d^hom^{Cx,'RRx-^)y 

VTZx^ ^ J^om^{C^,Vnl^). 

By using Proposition 7.1.2, one can calculate explicitly VTZxi^) when 
^ is an exponential D-module. 

Proposition 7.3.1. Let Y <Z X be a closed complex analytic hypersurface, 
and set U = X \ Y. For ip G (*E), there are isomorphisms 

Vn\{S^^x) - R^/iom(7r-iCc/, “lii^”Cp>Re^+c}) 

C-^-OO 

~ 0 Rj^hom (7r"^C{/, C{t=Reip})- 


80 



7.4 Ordinary linear differential equations and Stokes phenomena 


The next results are easy consequences of Theorem 3.1.1, Corollary 3.1.2, 
Corollary 3.1.6 and Corollary 3.1.7. 

Theorem 7.3.2. Let f : X ^ Y be a morphism of complex manifolds. 

(i) There is an isomorphism in E’’(I(/’ 

Ef'^Y[dr] — [dx]■ 

(ii) For any xF G D’^(^y) there is an isomorphism in E’’(ICx) 

(7.3.2) vn\{orjF)[dx] ^ £f'vnl{JF)[dY]. 

(hi) Let G , o-nd assume that Supp(.jF) is proper over Y. 

Then, there are isomorphisms in E’’(ICy) 

T>77^(D/,.^) ~ Ef.VnU^), 

D/*(^| ® .^) ~ 1 D/,.^. 

7.4 Ordinary linear differential equations and Stokes 
phenomena 

Let us recall the local theory of ordinary linear differential equations. Let 
X C C be open with 0 G X and let be a holonomic ^x-module such 
that SingSupp(.^) C {0} and .JF ~ .^#(*{0}). Then .JF is a locally 
free ^x(*{0})-module of hnite rank. Let us take a system of generators 
(mi, ... ,Ur) of ^ as an (^x(*{0})-module on a neighborhood of 0. Then, 
setting u the column vector consisting of these generators, we have 

-^u = A(z)u 
dz 

for an (r x r)-matrix A{z) whose components are in ^x(*{0}). Then for any 
^x-module JF such that ~ =Sf(*{0}), we have 

(7.4.1) J€hm= {u E ; u satishes equation (7.4.2) below} 

where we associate to u the morphism from xFF to <j2f dehned hy u u. 
Here 

(7.4.2) ^u = A{z)u. 

LtZ 

Now we have the following results on the solutions of the ordinary linear 
differential equation (7.4.2). 
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7.4 Ordinary linear differential equations and Stokes phenomena 


(i) there exist linearly independent r formal (colnmn) solntions Uj {j = 
1,... r) of (7.4.2) with the form 

r—1 

Uj = '^ajy{z){\ogzf, 

k=0 

where m G Z>o, (Pj{z) G z~^^^C[z~^^'^], Xj G C, and 

ajy^nZ^ G C[[z^^'^]Y with Sjy^n £ C'”, 

n€r72“^Z>o 


(ii) for any 6*o G M and each j = 1,... ,r, there exist an angnlar neighbor¬ 
hood 

Dbq = {z = re*® ; |6* — ^ol < £ and 0 < r < h} 

for snfficiently small e, h > 0 and holomorphic (colnmn) solntion Uj G 
^x{DeoY of (7.4.2) defined on 47snch that 

Uj ~ Uj, 

in the sense that, for any > 0, there exists C > 0 snch that 

(7.4.3) \uj{z) - ufiz)\ < 

where {z) is the hnite partial snm 

r—1 

U^^z) = Y. H {log zf. 

k=0 nEm“^Z>o, 
n<N 


Here we choose branches of and logz on Dg^. 

Note that a holomorphic solntion Uj is not nniqnely determined by the 
formal solntion Uj. In fact, Uj -|- also satisfies the same estimate 

(7.4.3) whenever 


Re((pfc(z)) < Re(<pj( 2 ;)) on Dg^ if Ck Y 0- 
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7.4 Ordinary linear differential equations and Stokes phenomena 


We can interpret these resnlts as follows. Let w. X —)■ X be the real 
blow np of X along {0} defined in § 4.2. Then gives a section of 

{AyY on a neighborhood of e*®° G Define the ^--modnle 




d 




Here we take a branch of (pj on a domain and is defined on snch a domain. 

Then G {^jY is a solntion of eqnation (7.4.2), and hence 

(7.4.1) defines a morphism of .^--modnles 




Collecting snch a morphism for all j, we obtain an isomorphism defined on 
a neighborhood of e*®° G -07“^ (0): 


(7.4.4) 




r 


i=i 


Note that 


However, these isomorphisms (7.4.4) are not globally defined. That is, 

r 

is only locally isomorphic to 0 We have 

i=i 


(7.4.5) Iro-h0) ~ ^ 

where 


(7.4.6) Ujy 


pew ( 0 ) ; 


Re(</9j(2;)) < Re(</9j/(^)) on U fl for 
a neighborhood U of p 


Indeed, any morphism / G Jifom^j')\m-^{o) should have the form 

X 

e'^J' I—)■ Q'fij' constant multiple, and hence / is well-dehned 

if and only if is tempered. The last condition is equivalent to the 

condition in (7.4.6). 

Hence the isomorphism class of a ^^|ro-i(o)-nioclule locally isomorphic 

r 

to 1 ( 0 ) is determined by a topological data, the so-called Stokes 

i=i 

matrices. 
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7.4 Ordinary linear differential equations and Stokes phenomena 


Assuming that m = 1 for the sake of simplicity, let us explain them more 

r 

precisely. Let be a locally isomorphic to 0 =^|ro-i(o)- 

i=i 

We identify with M/27rZ by M/27rZ 9 0 e*® G 'Ci 7 “^( 0 ). Let us take 

{ 6 * 1 ,..., 6 *s} such that s > 2 , 6 *o < 6 *i < • • • < 6s_i < Og and 

^-‘(o)n u F G ; Reipj{z) = Re(py(2:)| C {6*i,..., 6*^}. 

‘Pj¥^‘Pj' 

Here we set 6k+is = 6*^ + 27tI for 1 < A; < s and I G Z. Set 14 = 
{6 ; Ok-i < e < Ok+i] and Wk = {0 ; 0k < 0 < 0k+i} = 14 n 14+i. Then 
we have = Ui<fc<s^- Note that for any j,j' £ and 

k G {l,...,s}, we have either Wk H Ujy = 0 or 114 C Uj^ji. In particu¬ 
lar, (7.4.5) implies that ^om Wk is a constant sheaf. 

r 

Hence, any isomorphism 0 dehned on a neighborhood 

j=i 

of 0k can be extended to an isomorphism dehned on W, and we have an 
isomorphism 

i’k- ^\vk ^ 0 =^jlvfc- 
i=i 

Let us set 

Cfc = 4fc+i o ^: 0 ^ 0 

i=i i=i 

r 

Then is obtained by patching 0 by the ^kS. Each isomorphism ^k 

i=i 

is given by the matrix Sk = {sky,i)i<iy<r G GLr(C). Here Sk-i',i G C is given 
by the morphism 

■^i\Wk' -^ 0 ^ 0 

i=i i=i 

through 

~r(iyfc;Cc/^_J cr(iyfc;C,,-i( 0 )) ~c 

due to (7.4.5). Hence, we have Sk-i\i = 0 if 114 ^ Uiy. 

The matrices {Sk}i<k<s are called the Stokes matrices. Conversely, for 
a given family of matrices {Sk}i<k<s, we can End a ^^4-i(o)-module 
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7.5 Normal form 


locally isomorphic to 0 J^j|^-i(o) by patching 0 by {Sk}i<k<s- Then 

i=i i=i 

^ is recovered from by ^ ~ . 

7.5 Normal form 

The results in § 7.4 are generalized to higher dimensions by T. Mochizuki 
([Mo09, Moll]) and K. S. Kedlaya ([KelO, Kell]). In this subsection, we 
collect some of their results that we shall need. 

Let X be a complex manifold and D <Z X a normal crossing divisor. We 
shall use the notations introduced in §4.2 : in particular the real blow up 
w: X ^ X and the notation of (4.2.10). 

Definition 7.5.1. We say that a holonomic -module has a normal 
form along D if 

(i) .y# ~ ./#(*D), 

(ii) SingSupp(./#) C D, 

(iii) for any x G C X, there exist an open neighborhood 17 C X of 

zu{x) and hnitely many ipi G T{U; such that 



for some open neighborhood V oi x with V d w ^{U). 

A ramihcation of X along D on a neighborhood f/ of a; G D is a hnite 
map 

p-.X'^U 

of the form p{z') = ^..., ..., z'^ for some (mi,..., mf) G 

(Z>o)^- Here (z(,..., z(j) is a local coordinate system on X', ( 2 : 1 ,..., z„) a 
local coordinate system on X such that D = {zi • • • = 0}. 

Definition 7.5.2. We say that a holonomic ^x-module has a quasi¬ 
normal form along D if it satishes (i) and (ii) in Dehnition 7.5.1, and if for 
any x & D there exists a ramihcation p: X' —)■ [/ on a neighborhood U of x 
such that Dp*(./#|i/) has a normal form along p~^{D fl U). 

Remark 7.5.3. In the above dehnition, Dp*{.y77\u) as well as Dp^Dp*{^\u) 
is concentrated in degree zero and .y^\u is a direct summand of DpJ7)p*{.J7\u). 
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7.5 Normal form 


The next result is an essential tool in the study of holonomic D-module 
and is easily deduced from the fundamental work of Mochizuki [Mo 09, Mo 11] 
(see also Sabbah [SaOO] for preliminary results and see Kedlaya [KelO, Kell] 
for the analytic case). 

Theorem 7.5.4. Let X be a complex manifold, a holonomic S^x-'^odule 
and a: G X. Then there exist an open neighborhood U of x, a closed analytic 
hypersurface Y <Z U, a complex manifold X' and a projective morphism 
f ■. X' ^ U such that 

(i) SingSupp(./#) nU CY, 

(ii) D ;= f~^{Y) is a normal crossing divisor of X', 

(iii) / induces an isomorphism X' \ D ^ U \ Y, 

(iv) {Df*^){*D) has a quasi-normal form along D. 

Remark that, under assumption (iii), (I)f*.y^){*D) is concentrated in 
degree zero. 

Using Theorem 7.5.4, one easily deduces the next lemma. 

Lemma 7.5.5. Let Px{^) be a statement concerning a complex manifold X 
and a holonomic object G Consider the following conditions. 

(a) Let X = Ui be an open covering. Then Px{^) is true if and only 
if Pui{^\ui) is true for any i E P 

(b) If Px{^) is true, then Px(-^N) is true for any n Eh. 

(c) Let .M' -E .y£ —)■ .y£" > be a distinguished triangle in U 

Px{^') and Px{^") are true, then Px{^) is true. 

(d) Let and .JP be holonomic ^x-modules. If Px{^ Q) ^') is true, then 
Px{^) is true. 

(e) Let f: X ^ Y be a projective morphism and a good holonomic Six- 
module. If Px{s7') is true, then PyiHf^ST') is true. 

(f) If is a holonomic Sx-module with a normal form along a normal 
crossing divisor of X, then Px{^) is true. 
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7.6 Enhanced de Rham functor on the real blow up 


If conditions (a)-(f) are satisfied, then Px{^) is true for any eomplex man¬ 
ifold X and any ^ G 

Sketch of the proof. The proof is similar to the regular case (Lemma 4.1.4). 

We shall only prove here that Px{^) is true for any holonomic 
module ^ which has a quasi-normal form along a normal crossing divisor 
D. 

Let p: X' —)■ t/ be as in Definition 7.5.2. Then Dp*(.^|; 7 ) has a normal 
form along p~^{D fl U). Hence Px'{E>p*{.y^\u)) is true by hypothesis (f). 
Hence u )) is true by hypothesis (e). We have a chain of 

morphisms 

whose composition is equal to m id_^ where m is the number of the generic 
fiber of p. Hence is a direct summand of Dp*Dp*(^|[/). Then, hypoth¬ 
esis (d) implies that Pu{^\u) is true. Q.E.D. 

7.6 Enhanced de Rham functor on the real blow up 

By Lemma 7.5.5, many statements on holonomic D-modules can be reduced 
to the normal form case. In order to investigate this case, we shall introduce 
the enhanced de Rham functor on the real blow up. 

Let D be a normal crossing divisor of a complex manifold X and let 
w. X ^ X he the real blow up of X along D as in § 4.2. Let j: X x Moo —t 
X^ot ^ pi(]R) be the canonical morphism of bordered spaces. Similarly to 
(4.2.3), we set 


^ (^X>OxR> 

Then as in in Dehnition 7.2.1 one denotes by Phh g □’’(ICj^^j^ ) the com¬ 
plex, concentrated in degree —1 and 0: 


(7.6.1) 




dt-i 


> Vh 


X xRo 


and finally as in Dehnition 7.2.3, one sets 
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7.7 De Rham functor: construct!billty and duality 


where tt: X x Rqo —)■ X is the canonical morphism. We regard them as 
objects of and respectively. Then 

(7.6.2) ^1 ~ in E'’(I(t^7-^^x)), 

(7.6.3) Er^,^|~^|(*D) inE^(I^x), 

where 

^|(*T)) ;= ^1 i) ffx{*D) ~ R^hom(7r-^Cx\i?, ^|). 

Then, for jR G D’’(^~), we define the enhanced de Rham fnnctor on X 
by 

P7^|(^) = 

5o/|(^) = R=^om^^(^,^|). 

Then (7.6.2) and (7.6.3) imply that 

(7.6.4) Vn\{J7-^) ~ Ew ■Vn\{J7{^D)) in E’’(IC^), 

(7.6.5) Er^7,P7^|(^■^) ~P7^|(.^(*T))) in E'"(ICx). 

for any .J7 G 

7.7 De Rham functor: constructibility and duality 

Theorem 7.7.1. Let .M G E)\^y{3>x). ThenVTZ\{.j7) and Sol xi^) belong 
to Eb.,(ICx). 

Sketch of the proof. Using Lemma 7.5.5, one rednces the proof to the case 
where ./# has a normal form along a normal crossing divisor D. Let w: X ^ 
X be the real blow np along D. 

Then, is locally isomorphic to a direct snm of ('^( 7 \£)|^)'^ with ip G 
T{U;^x{*D))- Since Proposition 7.3.1 implies that — 

E'uu'VTZ^lS’^^j^^^) is R-constrnctible, 'D77~(.y#-^) is R-constrnctible. Hence 
'DTZx{.y77') ~ E'cu^VTl^{.y^-^) is R-constrnctible. Q.E.D. 

Corollary 7.7.2. For any G D\^\{Six) and F G Dr_^(Cx), the object 
RJ^fom,RJ^om.^^^{F, ^x)) belongs to Dr_^(Cx)- 



7.7 De Rham functor: construct!billty and duality 


Proof. First note that 

{F, ^x)) — Rd^om^,^^ (F, RJ^om^^ (^, ^x)) ■ 

By Theorems 6.6.4 and 7.7.1, ^om^(7r“^F 0 Cf, iSo/|-(^)) belongs to 
Dr_c(Cx)- Since ^x) — (7-2.3), we get 

j7hom^{C\,Solx{-y77')) ~ RJ^om^^{.y^, ^x), 

and 

^om^(7r-^F 0 Cf, 5o/|(^)) ~ R^omjc^ (F, j7hom^{C^, 5o/|(^)) 

~ (^, RJifom^^^ (F, f^x)). 

Q.E.D. 

Lemma 7.7.3. Let Xi and X 2 be a pair of complex manifolds. Let .Mj G 
D{)oi(^Xj) U = 1,2). Then we have a canonical isomorphism 

(7.7.1) vn%{.^i)Mvn%{.^2) ^ vn%^x,i-^i^-^2)- 

Sketch of the proof. Using Lemma 7.5.5, one reduces the proof to the case 
where and ^2 are exponential D-modules. In this case, the result follows 
from Proposition 7.3.1. Q.E.D. 

By using the functorial properties of the enhanced de Rham functor 
proved above, we can show that the enhanced de Rham functor commutes 
with duality. 

Theorem 7.7.4. Let .M G D{^q[(^x)- Then, we have the isomorphism 

vnliBx^) ^ D|FF|(.^). 

Note that VTZxilRx-^) — Solxi^) [dx]- 
Idea of the proof. 

Let IT be a monoidal category with 1 as a unit object. Recall that a pair 
of objects X and Y are dual if and only if there exist morphisms 

X®Y ^ 1, 

1 ^ y0X 
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7.7 De Rham functor: construct!billty and duality 


such that the composition 

rj e 

X- >X(^Y(^X -^ X 


is equal to idx and 

rj Y®e 

Y - >Y®X®Y - 

is equal to idy. 

This criterion of duality has many variations. 


Sheaf case: Let M be a real analytic manifold, and let F, G 6 
Denote by Xm the diagonal subset of M x M. 

Now F and G are dual to each other, i.e., G ~ D^rF, if and only if 
there exist morphisms 

FmG uam, 

kAM ^ GMF 

such that the composition 

F K kA^ FMGMF uam ^ F 

is equal to idp via isomorphism (7.7.8) below and 

kA^ K G GMFMG G K 

is equal to idc via isomorphism (7.7.9) below. 

Enhanced indsheaf case: Let F and G G E^ ^(IkAf). They are dual to 
each other, i.e., G ~ Df^F, if and only if there exist morphisms 


(7.7.2) 


FMG ^ 

ki„ ^ GHF 


such that the composition 


(7.7.3) 


+ + 

+ FKI ri + + £ Kl F + 

F K k^ -^ F K G K F-^ (u A K F 

LlM 
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7.7 De Rham functor: construct!billty and duality 


is equal to idi? via the enhanced version of isomorphism (7.7.8) below 
and 

-I- r] S G + + GKe -|- 

(7.7.4) 


is equal to idc via the enhanced version of isomorphism (7.7.9) below. 


Holonomic D-module case: Let X be a complex manifold and let 5: X 
X X X be the diagonal embedding. We set ^Ax •= 05* 

Let ^ G D}(q[(^x)- They are dual to each other, i.e., ^ ~ 
if and only if there exist morphisms 


( 7 . 7 . 5 ) 


D 

KtxL - y ■l^Ax[^x]i 

^Ax[-dx] ^ 


such that the composition 


(7.7.6) 


D 

rj D D 


D 

e 


D 

■> YSax \dx\ 


is equal to id ^ via isomorphism (7.7.10) below and 


D D 

D rj^.jC D D D 

(7.7.7) ^Ax [-dx] ^ ^ ^ ^ K SSax [dx] 

is equal to id.^- via isomorphism (7.7.11) below. 


Now we shall prove Theorem 7.7.4. Set Then we have 

morphisms as in (7.7.5) which satisfy the conditions that the compositions 
(7.7.6) and (7.7.7) are equal to id^ and idrespectively. Now we shall apply 
the functor VTZ^. Then we obtain morphisms as in (7.7.2) with M = Xr, 
k = C, F = 'D77x(.y#) and G = 'DTlx{yY). Note that we have 

d^dZ%y^xi^Xx[~dx]) — Cax’ dDTZ^y^xi^Xxidx]) — ^Ax- 

By applying the functor RR^xXxx^ ^ke morphisms in (7.7.6) and (7.7.7) are 
sent to (7.7.3) and (7.7.4). Hence the compositions (7.7.3) and (7.7.4) are 
equal to idiT’ and id^, respectively. Thus we conclude that G ~ D|-F. □ 


Here is the lemma that we used in the course of the proof of Theorem 7.7.4. 
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7.7 De Rham functor: constructibility and duality 

Lemma 7.7.5. Let M be a real manifold and let F,G E D'^(kA^). Then we 
have the isomorphisms 

(7.7.8) K ^ G) ~ HomDb(k^)(F, G), 

(7.7.9) HomDb(k^^^^^)(kA^ K F, G K G), 

where Am F M x M is the diagonal subset. 

Proof. Define the maps by py,...,i„{xi, ..., Xm) = {xi^,. .., XiJ. Then 

we have a commutative diagram 

M -^X M 

S □ Pl,2,2 

: M — - X M X M 

pi,1,2 
P2 

M. 

In the sequel, we write for short Horn instead of Homj^^ with N = M, M x 
M X M. Then we have 

Hom(FKlkAM, (^Am^G) ~ Horn (Rpi,2,21 (F K kir), Rpi,i,2*^2 <^) 

~ Horn (F K k^^, p| 2,2 RPi,i,2*P2 G) 

~ Hom(FKkM,R5*(5'p2 <^) 

~ Horn {6-\FmkM),6-p2 G) 

~ Hom(F,G). 

Q.E.D. 

Similarly, we have the following D-module version. Here again, we write for 
short Horn instead of Hom^^ with Y = X,XxXxX. 

Lemma 7.7.6. Let X be a complex manifold and let G 

Then we have the isomorphisms 

(7.7.10) Hom(.^i^A;,Mw], ^Ax[dx] S^) ~Hom(.^,^), 

(7.7.11) Hom(^AMMx] GPM^Ax[dx]) 
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7.7 De Rham functor: construct!billty and duality 


As applications of Theorem 7.7.4, we obtain the following corollaries. 


Proposition 7.7.7. Let f: X ^ Y be a morphism of complex manifolds. 
Then, for any ^ e 

(7.7.12) Soll{R>f*YT)^Ef-^Sol^{YT). 


Proof. We have 


Sol^iBrPK) 


~ D|P77|(D/*^)[-rfx] 
~ D|E/'P77|(^)[-rfy] 
~ E/-'D|D77|(^)[-dy] 
~ Ef-^Sol^{^). 


Q.E.D. 

Corollary 7.7.8. Let X be a complex manifold and G B\,^fS>x). 

Then we have the isomorphisms 

(7.7.13) ~ E6-{vnl{.y£)mvnl{yy'))[dx], 

(7.7.14) Solxi-y^ ~ Solxi^^) ® Solx(^), 
where 6: X ^ X x X is the diagonal embedding. 

D D 

Proof. Since ® ^ ~ 'D5*{.J^ Kl^), it is enongh to apply (7.3.2) and 
(7.7.12). Q.E.D. 

Corollary 7.7.9. For a closed hypersurface Y of a complex manifold X and 
^ G D}(qj((^x); have 

Solx{‘.^{*Y)) ~ 7r“^Cx\v ® Solxi-^)- 

Proof. It follows from Theorem 7.7.4 and isomorphisms 

Vn\{y^{*Y)) ~ R^hom(7r-iCx\r,T'77|(.^)) 

and 


D| (Rj^hom (7r-^Cx\y, Vn\ {J7)) 
(see Theorem 6.6.3 (v)). 


~ 7r-^Cx\y ® D|T'77|(.^) 

Q.E.D. 
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7.8 Enhanced Riemann-Hilbert correspondence 


Corollary 7.7.10. For a closed hypersurface Y of a complex manifold X 
and ip G l7x{*Y), we have 


^olx{S’x\Y\x) — ® Re 93 } • 


This follows from Proposition 7.3.1, (6.5.2) and Theorem 7.7.4, because one 


7.8 Enhanced Riemann-Hilbert correspondence 

The following theorem is the main theorem. 

Theorem 7.8.1 (Generalized Riemann-Hilbert correspondence). There ex¬ 
ists a canonical isomorphism functorial with respect to G D^^f^x)- 

(7.8.1) .3# i ^ yhom+{Sol^{.y£), ^1) m E^{Wx)- 

The proof is parallel with the one of Theorem 4.3.2 by reducing the prob¬ 
lem to the case where is an exponential D-module. However, in this case, 
we can treat VTZxi-^) Proposition 7.3.1, but not Solxi-^)- In order to 
calculate it, we need the commutativity of the enhanced de Rham functor and 
the duality functor (see Theorem 7.7.4 and its consequence Corollary 7.7.9). 

Sketch of the proof of Theorem 7.8.1. First we shall construct a morphism 

(7.8.1) . We have a canonical morphism 


Hence we have 





(./# d <ffx) G Solx{^) —^ ^x ^ ^x 

which induces a morphism 

(7.8.2) J^hom^{Sol%{^), ^|). 

In order to see that it is an isomorphism, we shall apply Lemma 7.5.5, 
where Px{^) is the statement that (7.8.2) is an isomorphism. 
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7.8 Enhanced Riemann-Hilbert correspondence 


We shall only check property (f) of this lemma. Hence, we assume that 
has a normal form along a normal crossing divisor D. Then we have 
Solxi^) — 7r“^Cx\D ® Solxi^) by Corollary 7.7.9, which implies that 

J^hom+{Solicit), ^x) - ^om+(5o/|(^),^|(*T))). 

Let vu: X ^ X he the real blow up of X along D. Then we have 

and 


j7hom'^ (^Solxi^), 

Hence it is enough to show that 

(7.8.3) ^ ^hom+{Sol\{J^^), ^|) 
is an isomorphism. 

Since the question is local and is locally isomorphic to a direct sum 
of exponential D-modules {<^x\d\x) with (p G ffx{*D), we may assume that 

= {<^x\D\x)'^- Since (7.8.3) is the image of (7.8.2) by the functor £w\ 
it is enough to show that (7.8.2) is an isomorphism when .y# = Sx\d\x- 
In this case. Corollary 7.7.10 implies that 

Sol%{J7) ~ C| 0 Cp=_Re<^}, 

and we can easily see that (7.8.2) is an isomorphism. Q.E.D. 

Corollary 7.8.2. There exists a canonical isomorphism functorial with re¬ 
spect to ^ Dhoi(^x): 

(7.8.4) Jhon^{Sol\{J7), ^|) %n D^{Wx). 

Proof. Let us apply the functor ^hom^{fC,\, •) to the isomorphism (7.8.1). 
Since ^hom^{<C^, ^x) — ^x by (7.2.3), we get 

j7hom^{Cx, .M 0 ^x) - ‘^S^x- 
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7.8 Enhanced Riemann-Hilbert correspondence 


On the other-hand, we have 

(C|, ^hom+( 5 o/|(^), ^|)) 

~ yhom^{Sol^{^), ^om+(C|, ^|)) 
~ yhom^{Solx{^), ^x)- 


Q.E.D. 

Corollary 7.8.3 (Enhanced Riemann-Hilbert correspondence). There exists 
a eanonieal isomorphism functorial with respect to G 

(7.8.5) ^ jeom^{Soll{J7), ^|) m D^{^x)- 

Proof. Apply the fnnctor ax to (7.8.4). Q.E.D. 

By Corollary 7.8.3, we can show the following fnll faithfnlness of the 
enhanced de Rham fnnctor. 

Theorem 7.8.4. For , JE G one has an isomorphism 

^ jeom^{vn\^^vn^pp). 

In particular, the functor 

vn\ ; DLi(^x) ^ E^_,(lCx) 


is fully faithful. 

Proof. By Theorem 7.7.4 and Theorem 6.6.3 (vi), we have 

^om^(T>77|.^,T>77|^) ~ J^om^{Sol^pP, Sol%J7). 


Now, we have 

Jlfcmi^{Sol%xV ,Sol%.J7) ~ M’omF‘{^Sol%PP ,R7^omQ^{.J7 ,i?x)) 

~ R^om^^ PPom^{Sol%pP, ^|)) 

~ R^om {.M, jV) . 

Here the last isomorphism follows from Corollary 7.8.3. Q.E.D. 

Remark 7.8.5. Corollary 7.8.3 and Theorem 7.8.4 due to [DK13, Th. 9.6.1, 
Th. 9.7.1] are a natural formulation of the Riemann-Hilbert correspondence 
for irregular D-modules. Theorem 7.8.1 due to [KS14, Th. 4.5] is a gener¬ 
alization to the irregular case of Theorem 4.3.2 which is itself a generaliza¬ 
tion/reformulation of a theorem of J-E. Bjork ([Bj93]). 
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8 Integral transforms 

8.1 Integral transforms with irregular kernels 

Theorem 8.1.1. Let X be a complex manifold and let ^ G o,nd 

^ G D^{S>x)- There is a natural isomorphism 

~ J^hom+{Soll{^),Vn\{J()). 

Proof. By Theorem 7.8.1, we have an isomorphism in E'^(I^x): 


Let us apply 0^^ • to both sides of (8.1.1). We have 




~ P77|(.^0^), 


and 


L^hom'^{Solxi-^), ^x) 


~ (iSo/|-(=Sf),./#“' 0^ i^J) 

(a) 

~ jLhom^ ( Soil (^), Vn\ (.^)). 


(We do not give the proof of isomorphism (a) and refer to [KS14, Lem. 3.12].) 

Q.E.D. 


Consider morphisms of complex manifolds 






Y. 


Notation 8.1.2. (i) For G Dq_good(^.^) ^ ^ Dq_gQQj(^ 5 ) recall that 
one sets 

■.= 0 ). 
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8.2 Enhanced Fourier-Sato transform 


(ii) For L e E‘’(IC 5 ), F e E^(ICx) and G e E'^(ICy) one sets 

LoG:=EML^Eg-^G), 

( 8 . 1 . 2 ) . 

$f(G') = LoG, = Eg^J^hom+{L,Ef-F). 

Note that we have a pair of adjoint fnnctors 

(8.1.3) : E'^(ICy)^^E^(ICx) : . 

Theorem 8.1.3. Let Jl G e Ef>\.Y,o\{^s) ■= DLi(^ 5 ) n 

Dgood(^s) •= >So/|(=Sf). Assume that /“^ Supp(./#) fl Snpp(=Sf) 

is proper over Y. Then there is a natural isomorphism in E^(ICy): 

(8.1.4) [dx - ds] ~ P7^|(.^o^). 

Proof. The proof goes as in the regnlar case (Theorem 4.4.2) by using The¬ 
orems 7.3.2 and 8.1.1. Q.E.D. 

Corollary 8.1.4. In the situation o/Theorem 8.1.3, let G G E*’(ICy). Then 
there is a natural isomorphism in D'’(C) 

RHom^(L o G, [dx - ds] 

~RHom^(G,fl^ (.^S^)). 

Proof. This follows from Theorem 8.1.3 and the adjunction (8.1.3). Q.E.D. 

Note that Corollary 8.1.4 is a generalization of [KSOl, Th.7.4.12] to not 
necessarily regular holonomic D-modules. 

8.2 Enhanced Fourier-Sato transform 

The results in § 6 extend to the case where M is replaced with a bordered 
space Moo. Thus vr denotes the projection Moo x Moo —t Moo and t the 
coordinate of M. One defines E'’(IkMoo) the quotient triangulated category 
D^IkM^xM*)/ {K ; ir-iRx./f ^ K}. 

One dehnes the functors 

(8.2.1) eM^PMoo'- ^’’(IkMoo) E'^(IkM<^), 

eMoo {F) = k^^ (g) 7r“^F, {F) = kp>o} ® 7r"^F. 
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8.2 Enhanced Fourier-Sato transform 


Note that cm^F) ~ ® eu^iF). 

Then Proposition 6.5.9 extends to bordered spaces. 

Proposition 8.2.1. The functors cm^ and cm^ are fully faithful. 

Let V be a hnite-dimensional real vector space, V* its dual. Recall that 
the Fourier-Sato transform is an equivalence of categories between conic 
sheaves on V and conic sheaves on V*. References are made to [KS90]. 
In [Ta08], D. Tamarkin has extended the Fourier-Sato transform to no more 
conic (usual) sheaves, by adding an extra variable. Here we generalize this 
last transform to enhanced ind-sheaves on the bordered space Vqo. 

We set n = dimV and we denote by ory the orientation k-module of V, 
i.e., ory = iL”(V;ky). In this subsection, the base held k is an arbitrary 
held. We have a canonical isomorphism ory ~ ory*. We denote by Ay the 
diagonal of V x V. 

We consider the bordered space Voo = (V, V) where V is the projective 
compactihcation of V, that is 

V= ((V©R)\{0})/MA 

We introduce the kernels 

Lv := ^{t=(x,y)} e E’’(Iky^xV^), 

(8-2-2) := k[t=-(x,y)} ^ E’’(Iky^xVi,), 

Lyt := k\t=-(^x,y)} € E (Iky^xVoo)- 
Here, x and y denote points of V and V*, respectively. 

Lemma 8.2.2. One has isomorphisms in E^(Iky^xVoo) 


(8.2.3) 


E 

Ly ^ kAvx{t= 0 } ®ory [-n], 

E 

o Ly ^ kAv* xp=o} O ory [-n]. 


Now we introduce the enhanced Fourier-Sato functors 


(8.2.4) 


E^y: Eb(Iky^) ^ Eb(Ikyj^), E.^y(F) = F O Ly, 

: E‘’(Iky^) ^ Eb(Iky^), E^^*(F) = FoL“,. 


Applying Lemma 8.2.2, we obtain: 
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8.3 Laplace transform 


Theorem 8.2.3 (See [Ta08]). The functors and 0 ory [n] are 
equivalences of categories, inverse to each other. In other words, one has the 
isomorphisms, functorial with respect to F E E^(Ikv<^) and G G E'’(Ikv^): 

° — E 0orv [-n], 

o ~ G 0orv [-n]. 

Corollary 8.2.4. The two functors ^^v(*) and 0orv [—n] are iso¬ 

morphic. 

Corollary 8.2.5. There is an isomorphism functorial in Fi,F 2 G E^(lkv^): 

(8.2.5) RHom^(Fi, Fs) ~ RHom^(^^v(Ei), ^^v(E 2 )). 

Recall that one denotes by D^+(kv) the full subcategory of □’’(ky) con¬ 
sisting of conic sheaves (see [KS90]). Here conic sheaves mean sheaves on 
V constant on any half line M>on (n G V \ {0}). We shall denote here by 
®^y(F) the Fourier-Sato transform of F G Dg+(ky), which was denoted by 
F^ in loc. cit. The functor ®^y: Dg+(ky) —)■ Dg+(ky*) is an equivalence of 
categories. 

Recall that one identihes the sheaf k{i>o} with its image in E'’(lkyxM^) 
and that the functor 

ey^ : D'^(ky) ^ E'’(lky^), ey^(F) = k{,> 0 } 0 7r-'F 

is a fully faithful embedding by Proposition 8.2.1. 

Consider the diagram of categories and functors 


D^+ (kv 




D^+ (kv 


( 8 . 2 . 6 ) 


Wo 




E‘'(Ikv„) 


■E‘>(Ikv 


Theorem 8.2.6. Diagram (8.2.6) is quasi-commutative. 


8.3 Laplace transform 

In the sequel, we take C as the base held k. Recall the ^x-uiodule and 
Notation 7.1.1. We saw in Proposition 7.1.2 that 

(8.3.1) Solxi^^^x) ~ ® C{t=_Re(/3}- 
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8.3 Laplace transform 


We shall apply this result in the following situation. 

Let V be a complex hnite-dimensional vector space of complex dimension 
dv, V* its dual. Since V is a complex vector space, we shall identify ory 
with C. We denote here by V the projective compactihcation of V, we set 
HI = V \ V, and similarly with V and H*. We also introduce the bordered 
spaces 


Voo = (V,V), = {¥*,¥*). 

We set for short 

X = Y xT, U = Y xY\Y = X\U. 

We shall consider the function 

0: V X V* —)■ C, = {x,y). 

We introduce the Laplace kernel 

(8.3.2) if := 

Recall that the kernel of the enhanced Fourier transform with respect to the 
underlying real vector spaces of V and V* is given by 

Ly := Cp=Re(a;,3/)} G E'^(1 Cv^ xV^ ) • 

Also recall that we set Ly := Cp=_Re(a;,i/>}- 
Lemma 8.3.1. One has the isomorphism in E’^(lCjs:) 

(8.3.3) ‘5o/i(i^) ~ C| S EjnL^, 

where j: Y^o x X is the inclusion. 

Proof. This follows immediately from isomorphism (8.3.1). Q.E.D. 

In the sequel, we denote by Dy the Weyl algebra r(V; ^(^EI)) associated 
with V. We also use the (Dvxv*, Dv*)-bimodule Dyxv*—)■¥* similar to the 
bimodule in the theory of D-modules, and hnally we denote by Oy 

the ring of polynomials on Y. 

The next result is well-known and goes back to [KL85] or before. 
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8.3 Laplace transform 


Lemma 8.3.2. There is a natural isomorphism 

(8.3.4) ^(=t:E[) ~ (8)det V*. 

Here, detV* = /\^Y*. 

Proof. Using the GAGA principle, we may replace ^(*]HI) with Dy, (*IHI) 
with Dy*, .if with Dyxy*e^^’^^ and thus ^ with 

( 8 . 3 . 5 ) Dv*.(_yxy* (Dvxy«e''^’^' ®Ovxv* ^VxV*-)-V*)- 

This last object is isomorphic to 

(Dv*^yxv* G>Ovxv* Dyxv*^v) G^gVxv* Dyxv*e<^’^\ 

Since 


L 

Dv*.<—yxy» Dvxy«^v — Dyxy* <8)detV*, 

'^VxV* 

the module (8.3.5) is isomorphic to Dvxy*e^®’*'^ Gidet V*. Finally, one remarks 
that the natural morphism Dy* —)■ Dvxy*e^*’^^ is an isomorphism. Q.E.D. 

In the sequel, we shall identify Dy and Dy* by the correspondence Xj -f-)- 
—^y^, dxi ^ Vi. (Of course, this does not depend on the choice of linear 
coordinates on V and the dual coordinates on V*.) 

Theorem 8.3.3. We have an isomorphism in D’’((IDy)y*^) 

(8.3.6) ^.#y(i^y^) ~ I^y*^ G)detV[-dy]. 

Proof. Set K = iSo/y^xv* i-^)- Theorem 8.1.3, we have 


T|(P7^^^(.^)) [-dy] ~ Vn^,jY^o^). 

for any G Dq_gQQ^(.^x) such that ~ By Lemma 8.3.1, K = 

Cy^xv* ® Ty, and by Gorollary 8.2.4, the functor is isomorphic to the 
functor [— 2dy]. Since 

J^hom+(C^^,V7Z^J.^)) c:,V7Z^J.^), 
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8.3 Laplace transform 


we have 

Therefore, we obtain 

Now choose ^ = ^(*E[) and apply Lemma 8.3.2. Since ~ 

and VTZy* (^o^) ~ hlL. ®det V*, we obtain 

^.^v(f2Y^) ~ 0det V* [-dv]. 

Hence, it is enongh to remark that 

riy^ ~ i^y^ (g) det V* and hly* ~ i^y* (g) det V. 

Q.E.D. 

Remark 8.3.4. (i) Symbolically, isomorphism (8.3.6) is given by 

(g) det V 9 0(|/) (g) d|/ 1 —^ j e^''’y'^4>{y)dy 

(ii) The identihcation of Dy and Dy* is given by: 

Dy 3 P{x,d^) o Q{y,dy) G Dy. P{x,d^)e^'^’y^ = Q*(|/, 

^ P*(a;,4)e-<"’"> = Q{y,dy)e-^^’y\ 
Here Q*{y,dy) denotes the formal adjoint operator of Q{y,dy) G Dy». 
Applying Corollary 8.2.5, we get: 

Corollary 8.3.5. Isomorphism (8.3.4) together with the enhanced Fourier- 
Sato isomorphism induce an isomorphism in D’^(Dy), functorial in F & 

E'’(ICy^): 

(8.3.7) RHom^(F, ~ RHom^(^.^y(F), ® det V [-dy]. 

As a conseqnence of Corollary 8.3.5, we recover the main resnlt of [KS97]: 
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Corollary 8.3.6. Isomorphism (8.3.4) together with the Fourier-Sato iso¬ 
morphism induces an isomorphism in D'^(Dv), functorial in G ^ D^+(Cv): 

(8.3.8) RHom(G, <^) ~ RHom (®.^v(G), ®det V[-dv]- 

Here, letting ■ Voo pt be the projection, 

RHom(G, := aptRay^,^Rj^hom^^^^{G, G D'’(C). 

Proof. By Theorem 8.2.6, we have ^'^v(eVoo(^)) — where ey^ is 

given in (8.2.1). Applying isomorphism (8.3.7) with F = eY^(G), we obtain 

RHom^(ev^(G), ~ RHom^(ev^s^v(G), ^4) ®det V[-dv]- 

We have 

RHom^(ev^(G), ^4) - «ptRav^*^^om^(eVoc(G'), ^4) 

~ OptRavoo * R^hom (G, <^4) 

^ RHom(G,^4), 

and similarly RHom^(ev^®^v(G), ~ RHom(®.^y(G), ffy* )• Q.E.D. 
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